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This work considers the mathematical modelling of the motion of 
material inside an unflighted rotating drum in order to predict 
the degree of filling in the drum and the mean residence time 
and bed profile of the solid. The drum may be iorizontal or 
sloping and may have one or more constrictions in the form of 
annular weirs along its length. 
A critical review of previous work in this area is presented in 
which a mathematical description of the components of material 
motion is to be found. The approximations and limitations in the 
assumptions on which this description is based are addressed 
and further developed to provide an improved model for solids 
transport. One particular advantage introduced is the ability to 
model drums with internal weirs. 
The model is tested using both experimental and literature data. 
It predicts filling to within 15% over a wide range of operating 
conditions. Areas for which agreement is worse can be identified 
in advance. The comparison of drum data on a dimensionless basis 
is also considered. The model is used to help determine a 
parameter which allows comparison over a much wider feed rate and 
drum dimension range than hitherto. 
viii 
CHAPTER 1 - INTRODUCTION 
2 
Introduction 
Rotating drums are widely used in industry to process granular or 
powdery material. Drying, cooling, size reduction and thermal decomposition 
are among the operations commonly carried out. Industrial production 
rates often require that the drums for such processes be very large with 
diameters of up to 4 m and lengths of 30 m or more. They are usually 
inclined at some small angle to the horizontal, sloping down from feed to 
discharge end and operated with continuous flow through of material. 
A knowledge of the amount of material contained (hold up) in a rotating 
drum under normal operating conditions is of fundamental importance. It is 
used both in equipment design and process operation since for a fixed 
feed rate to the drum, varying the hold up allows the mean residence time to 
be changed. 
The aim of this investigation was to devise a means of modelling the 
transport (or movement) of the solid material within a rotating drum so 
that the hold up and residence time could be accurately predicted. 
A preliminary examination of the available literature indicated that it 
would be prudent to restrict the field of study due to the impracticality of 
dealing with all of the various types of drums and drum/solid 
systems available. -The following four criteria were chosen to define a 
suitable field of study: 
1 The Geometry of Internal Fixtures 
Rotating drum equipment can be split into two broad categories viz 
flighted or unflighted drums. Flighted drums are so called because 
they contain longitudinal flights or "lifters" attached to the inside 
of the drum shell and protruding some distance in towards the centre. 
These carry material up the side of the drum and shower it 
across the drum cross section (Figure 1.1). The flights can have 
various shapes and are usually found in rotary driers or coolers. The 
initiator for the present investigation was the operation of calciners, 
reactors and kilns, all of which are generally operated without flights, 
so it was decided to exclude flighted drums from the field of study. 
W 
One internal fixture often encountered in unflighted drums is an 
annular constriction (Figure 1.2). This may be included by design in 
an effort to influence the residence time of material in the drum by 
increasing the hold up behind the constriction. Alternatively it may 
occur naturally in some rotating drum processes in which sintering 
or agglomeration occurs and material builds up into a "nose ring". 
Such constrictions located at any point along the drum length were 
considered to be of interest and were included in this study. 
This in addition to the obvious open ended unf lighted drum. 
2 Presence of an Induced Air Flow 
A counter or co-current stream of air may be used to cool or dry 
the product. This is almost always encountered in association with a 
flighted drum in which the product is showered through the air 
stream. Since such drums were excluded from this study the effects of 
an induced air flow were also not considered. 
3 Variation of Physical Properties along the Length of the Drum 
As material is processed in a rotating drum, properties such as density 
and angle of repose may change due to the effects of heat and/or mass 
transfer. It was decided for simplicity to examine systems with no 
axial variation of solid physical properties in the expectation that 
the resulting model could be combined with an appropriate heat or 
mass transfer model to deal with systems in which solid physical 
properties change. 
4 Segregation effects 
Only materials of uniform particle size and bulk density have 
been considered. This was not thought to be a serious 
limitation as many industrial processes operate with essentially uniform 
feed material. 
Although the above restrictions to the field of study have been 
made explicit it was recognised that all rotating drum literature has 
a common heritage and recourse has been made to papers dealing 
with "excluded" topics. 
Chapter 2 now examines the available literature on the topic of solids 
movement in rotating drums. This provides a basic model of motion which 
is further developed in Chapter 3. 	The details of an experimental 
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system used to examine both solids motion itself and the accuracy of the 
model in describing it are given in Chapter 4. Chapter 5 discusses the 
results of these experiments and also those of previous workers in the 
light of the new model. The conclusions of this work and 
recommendations for further work are given in Chapter 6. 
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Figure 1.1 Cross Section of flighted Drum Showing Material Cascade (From 
Miller, Smith and Schuette [M6] (1942)) 
Figure 1.2 Cross Section of Drum of Radius Rd with Annular Constriction 
of Radius R. 
CHAPTER 2 - LITERATURE REVIEW 
VA 
Introduction 
In this chapter previous work on the transport of solids through 
unflighted rotating drums which may have one or more constrictions in the 
form of annular weirs along their length is reviewed. Both empirical 
correlations and theoretical models for mean residence time, hold up and bed 
profile are considered. Section 2.1 considers first the case of the open 
ended drum and Section 2.2 the constricted drum. 
In addition, radiotracer and Residence Time Distribution Studies are 
considered in Section 2.3 and overall simulation of rotating drum plant 
in Section 2.4. These topics although they have not been studied in detail 
in this investigation are nonetheless relevant as they provide an indication 
of the wider context into which a detailed model of solids transport 
should fit. A summary of what has been achieved in the literature and 
an introduction to the work of this investigation is given in Section 
2.5. 
Throughout the text equations taken from the literature have been expressed 
In a common notation. The details of experimental work In the 
literature, used either to derive or verify equations, have largely been 
omitted from the main text, they have instead been collected together in 
Tables 2.1 and 2.2 at the end of this chapter. 
2.1 	The unconstricted drum 
The first published results of a detailed investigation into 
the behaviour of material in a rotating drum are those of 
Sullivan, Maier and Ralston in 1927 [Si]. They studied the 
motion of solids in inclined drums with and without discharge and 
internal constrictions. Details of their experimental equipment 
and materials are given in Tables 2.1 and 2.2 at the end of this 
chapter. 
Sullivan et al note that under normal operating conditions the 
bulk of the solid material rotates with the drum until carried 
past its static angle of repose This is a characteristic 
angle for any given material though slight variations for the same 
material may be observed depending on the method of measurement 
[Ti]. One common method is to measure the angle which the edge 
of a conical heap of material makes with the horizontal. Once 
carried beyond the static angle of repose the uppermost particles 
fail back down the surface of the bed and re-enter it somewhere 
below the midpoint whence the process is repeated. The bed is 
thus composed of two regions, the larger plug flow region moving in 
unison with the drum and the thin surface cascade layer with 
dynamic angle of repose °d  as shown in Figure 2.1. The dynamic 
angle of repose is the angle which the surface of the bed in cross 
section makes with a plane tangential to the lowest point of the 
drum circumference. 
It is while cascading down the surface of the bed that the 
axial transport can take place. If the surface is inclined to the 
horizontal in the axial direction then a particle will descend at 
some angle 0 to the cross section of the bed from which it has 
just emerged, thus it will advance along the drum as shown in 
Figure 2.2. The particle moves from A to B by rotation with the 
drum and from B to C by cascading on the surface. If the drum 
itself is inclined then this may provide the necessary slope for the 
surface to effect axial transport with no change in bed height, 
otherwise the bed itself must increase in depth from the discharge 
to the feed end to provide the surface slope. A continuous increase 
in bed depth is necessary in horizontal drums but it may also occur 
or be part of the bed profile in an inclined drum as in Figure 2.2. 
This is because the depth at which transport may be effected with no 
change in bed height in inclined drums 
becomes larger for larger feed rates and there must be a finite 
length over which the bed builds up to this height from the 
minimum at the discharge end. The bed depth at which no further 
increase is necessary is known as the "limiting filling". 
Sullivan et al worked with drums whose feed rate and 
operating conditions were such that limiting filling existed over 
essentially the whole of the drum length. Various feed rates, 
drum parameters and operating conditions will allow a drum to 
operate with near uniform bed depth over its whole length, these 
may be determined but the basis for this depends on much of the 
theory yet to be discussed and uniform bed depth criteria are 
therefore discussed later in this chapter. It may be said however 
that in general the conditions require very low feed rates and 
result in correspondingly low drum hold up, thus the following 
empirical expression for the mean residence time in an open 
ended inclined drum presented by Sullivan et al is of very limited 
use. 
= 1.77 Ld 	
(2.1) 
(Y ND 
Where t is the residence time in minutes, L is the length of the 
drum (m), D its diameter (m), (j) is the drum slope in degrees 
and N the rotational speed (RPM). 
In 1932 Gilbert [GI] carried out experiments using sand in bench 
scale drums 76.2 cm long with diameters of 5.1, 6.35 and 7.1 cm all 
with fixed slope of 1 in 25 (2.29 ° ). Here again the drum was 
operated under conditions which would result in a nearly unlformbed 
depth over the entire length, Gilbert's analysis is certainly based 
on this assumption. The drum was fed in a batchwise manner and 
rotated by hand for a fixed number of revolutions between feeds 
until the rate of discharge equalled the rate of feed. This 
procedure would result in a discontinuous motion not wholly 
compatible with steady state operation, nonetheless Gilbert's 
results are of interest. 
For the drums described above with fillings up to 9% (fc = 0.09) 
Gilbert states that the amount of charge retained in the drum 




in unison with 
drum 
Figure 2.1 - Transverse Section through the solid bed in a rotating drum 
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Figure 2.2 - Section of drum shoving mechanism 
of particle motion along the drum 
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where H is the hold-up (Kg) and F is the mass feed rate (Kg/s). 
Since the hold-up is also equal to the mean residence time 
multiplied by the mass feed rate, 
H = tF 
the proportionality is equivalent to 
t ' N 
which is in agreement with equation 2.1 of Sullivan et al. 
Gilbert also states that the rate of advance of the charge is 
independent of the charge volume and equal to 23.3% of 
the drum diameter per revolution. The mean residence time 
would thus be expressed by the following equation. 
t 	L 	= 4.29L 	 (2.2) = ______  
O.233DN 	DN 
If equation 2.1 is applied to Gilbert's drum with slope 2.29 ° 
using a common value for the static angle of repose for sand of 340 
for td (not unreasonable since the motion in the drum was 
discontinuous) the following is obtained. 
= 4.49L 	 (2.3) 
DN 
This differs from (2.2) by less than 5% which, given the 
limitations of Gilbert's technique, suggests that the findings of 
Sullivan et al and Gilbert for inclined drums with low 
fractional fillings are in agreement. 
Gilbert also notes that by plotting the fractional filling in 
drums of different diameters against the feed rate to the drum, 
expressed as q/ND 3 where q is the volumetric feed rate in 
(m3 /min), the points for different drums lie on a single line. 
This is the first indication that drum data may be compared 
on a dimensionless basis, further application of this technique 
does not occur until much later. 
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The empirical correlation of Ginstling, Zil'berman and Gvozdev 
(1939) [G2] for the mean residence time of material in an 
inclined rotating furnace is presented by Friedman and Marshall 
[Fl] in the introductory section of their paper on the hold-up in 
flighted drums, viz: 
= 26.81L 	 (2.4) 
(1' ND 
They compare this directly with the equation of Sullivan et al. 
If however the original Russian paper is examined It can be seen 
from the diagram and equations that the correlation is 
semi-empirical and derived on the basis of "slumping" motion. This 
type of motion arises when the coefficient of friction between the 
solid bed and the drum wall is not sufficient to carry the bed 
past its static angle of repose and thus induce turnover or 
cascading. Instead the motion is oscillatory, the bed being 
carried part way up the drum wall and then sliding back en masse 
to a lower position whence the process is repeated. A similar 
analysis to that of Ginstling et al is presented by Van Krevelen 
and Hoftjizer [Vi] in which a general equation is derived. The 
degree to which the charge is carried up the drum wall is assumed 
fixed at some arbitrary value which is independent of drum 
speed, inclination and diameter. This results in the equation 
for the mean residence of a particle containing a constant k which 
has to be empirically determined. 
= 	kL 	 (2.5) 
DNtanql  
The absence of any dependence on 0d  is characteristic of equations 
for this oscillatory slumping. Ginstling et al essentially fitted 
the constant k in (2.5) for the prevailing conditions in a rotary 
furnace which they investigated and found k = 26.81 (2.4). The 
simplification of setting the value tan(P equal to its radian angle 
is quite often encountered in early work as it introduces very 
little error for small drum slopes. Although (2.4) is similar in 
form to that of Sullivan et al the constant of proportionality 
results in answers around 2.5 times those of (2.1). This highlights 
the operating condition specific nature of such correlations. Some 
attempt was made to make things more 
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general by incorporating user-fitted constants such as 'k' in 
the following equation of Gibbs (1942) [G3] for industrial kilns. 
Td = kLD2 /100 	 (2.6) 
Where Td is the tons of finished material per day and the constant 
k is dependant on the type of material being processed. Various 
guidelines are given as to the value of k but again this 
equation is of limited accuracy and application. In recognition of 
this perhaps Gibbs went on to publish a "Chart for estimating 
performance and production rates in rotary kilns" (1943) [G4] 
which was based on (2.1). This is for use with kilns having a 
slope of 2.4 0 which "seems to be most generally used" and it was 
hoped would aid the maximum production of suitable finished 
material for the war effort! 
The first claim to a theoretically derived equation came from 
Bayard (1945) [Bi]. He states that his equations are based on a 
geometrical derivation and that the total time in the kiln may be 
expressed as 
= 0.037(0.d+24)L 	 (2.7) 
)ND 
Where 4) is measured in inches per foot. This is said to represent 
the length of the kiln divided by the distance moved along its 
major axis per cycle multiplied by the time taken to complete a 
cycle. If (4 is converted to degrees however, then (2.6) becomes 
t = 0.176(O.+2 4 )L 	 (2:8) 
(JJND 
This has the form of (2.1) with 1.77d replaced by 0.176(o(d+24). 
It is interesting to note that over a range of commonly reported 
values for 0'd  of 30-45 degrees these functions differ by 2% at 
most This, and the fact that the diagrams accompanying Bayard's 
text show that he too was concerned with drums which had a uniform 
bed depth, indicates that (2.7) is subject to the same 
limitations as (2.1) of Sullivan et al. 
Since "kiln operators are interested chiefly in results" Bayard does 
not present the derivation of (2.7). 	This is unfortunate since 
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as will be shown later the axial transport distance per 
cycle is not a linear function of 0d' neither is it possible 
to find an obvious substitution or approximation which would 
make it so. Thus if some legitimate assumption has indeed been 
made, Bayard's brevity disserves him since later workers all refer 
to his work as empirical [F1,S2].. 
The fundamentals of a mathematical model for solids transport, 
based on the already well understood mechanism of motion, were 
developed between 1949 and 1952. Vahl (1949) [V2] was 
the first to consider transport in horizontal drums due solely to 
an increase in bed height from discharge to feed end. He 
presents 	an 	equation 	for 	the 	flowrate 	in 	horizontal 
drums whose derivation is given later by Vahl and 
Kingma (1952) [V3]. Pickering Feakes and Fitzgerald (1951) 
[P1], Saeman (1951) [S2, reprinted in S3] and Kramers and 
Krookewit (1952) [KII all developed equations for 
inclined drums. All except Pickering et al included the 
effect of any increase in bed height on transport as well 
as the fundamental effect of drum slope. 
The following assumptions are common to all of this early 
theoretical work: 
The bed cross-section has a flat surface of slope 0d 
with respect to a plane tangential to the lowest point on 
the drum circumference. 
The 	time 	spent 	cascading 	on 	the 	surface 	is 
negligible compared to that spent locked in the bed. 
The thickness of the cascade layer is negligible with 
respect to the bed depth. 
All particles re-enter the bed at the same radial 
distance from which they left. 
There is no change in the physical properties of the 
solid material over the length of the drum. 
Assumption 4 may be justified as follows. Since particles enter the 
bed surface at all points along its upper half and re-enter it all 
along its lower half, to maintain a steady motion all particles must 
16 
on the average re-enter the bed at the same radial element from 
which they left. This results in a segregated path flow pattern. 
As pointed out much later by Mu and Perlmutter (1980) [Ml] however, 
another steady flow in which the particles re-enter the bed at a 
fixed distance (equal to half the bed surface length) from their 
point of emergence is a possibility. This would result in a maximum 
mixedness of flow. Comparison of both assumptions suggests that the 
former models the physical situation best and is presented in 
Chapter 3 Section 3.3. The segregated path model is indeed used 
exclusively in all published work concerned with developing 
expressions for the variation in filling along a drum length. Mu 
and Perlmutter, whose work is discussed later in Section 2.3, did 
not consider particle paths for this purpose. 
The model building procedure is common to all of the above 
workers [Ki, P1, S2, V2, V3]. First of all the axial distance 
travelled when a particle cascades down the bed surface is 
determined by geometry. This is then divided by the time taken 
for that particle to complete the cycle of being locked in the bed 
and cascading on the surface (assumed equal to the time spent in 
the bed - assumption 2 above) thus the axial transport velocity of 
the particle is obtained. This velocity is found to be a function 
of the radial position of the particle path. At this stage, for 
drums with small bed depths, variation in bed height along the 
drum may be neglected and certain angles which define the bed 
surface may be approximated by geometrical ratios. The 
variation in axial velocity with radial position may also be 
neglected if the effective average radius of particle paths is 
considered as closely approaching the radius of the 
drum Rd. In this way the velocity equation may be 
simplified and combined with the drum length L to produce 
an equation for the mean residence time in lightly loaded drums. 
This procedure is well illustrated by Saeman who shows 
that such simplifications result in an equation which 
corresponds closely to that of Sullivan et al. 
Pickering et al did not consider variation of bed height along the 
drum and further simplified their model by neglecting terms which 
accounted for the variation in cycle time with radial position. 
Their model derivation is thus analogous to the simplification of 
the general solution by Saeman and results in an equation similar to 
that of Sullivan et al, limited in application to drums with very 
low fractional fillings. Their derivation of the axial advance per 
cascade also has a minor error as outlined in Appendix 1. 
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For drums with relatively large fractional fillings simplification 
of the velocity equation is not possible. It is instead expanded to 
a volumetric basis by multiplying by the incremental area associated 
with each particle path and then integrating this across the 
drum cross section. The result is given in (2.9) below 
q = 	fN(tan4)+tan.8cosO<.d_)(Rd2_b2)3/2 	(2.9) 
3 sin cxd 
Where q is in (m3 /s), 8 is the angle between the surface of the bed 
and the axis of the drum and b is the distance between 
the same, perpendicular to the bed surface. This equation was 
used as the basis of a solution for mean residence time by Saeman, 
Kramers and Krookewit and, with P =0, Vahl and Kingma. Its 
derivation, discussed above in general terms, is given in 
Appendix I along with a discussion of the simplifications 
incorporated in it. Saeman presents (2.9) with tan 43 and tan, 
approximated by their radian angles which for small angles 
introduces negligible error. Simplifications of this sort are 
prevalent in all of the early theoretical modelling of solids 
motion and have already been seen when discussing the empirical work 
of G'instling et al and Van Krevelen and Hoftjizer. 
Equation 2.9 corresponds with equation 18 of Saeman, equation 
2 of Kramers and Krookewit and equation 5 of Vahl and Kingma 
((P =0). The latter papers express 
tan/8 as -dh/dx 
and 
b as (Rd -h) 
where h is the bed height at any axial position x along the drum, 
thus the equivalence is not immediately apparent. Expressing tan1 
as dh/dx (or -dh/dx depending on whether the feed end of the drum 
is considered as x0 or x=L) is the key to the solution of 
(2.9) as it allows an expression for the variation in bed 
height along the drum to be determined. Saeman expressed 
tan ) as db/dx 
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and produced the following equation 
db = 	 3sinO( (j 	- tan q) 	(2.10) 
dx 411N(Rd 2_b2 ) 3 t 2cosOd 	cosoj 
The limits of integration are from b=(Rd-ho) where h0 is the bed 
height at the drum outlet, to b--(Rd-hi) where hi is the bed height 
at the drum inlet. Saeman recognised that due to the 
approximations made in its derivation (2.10) is not valid in 
regions of rapid decrease in bed height (large db/dx) such as 
exist at the discharge end of a drum. He observes however that 
in general the region of collapse Is "so short that it is of little 
or no value to know either the length in which this occurs or the 
value of over this length". He therefore suggests setting 
h=0 which is equivalent to zero filling at the discharge end. 
This lower limit of integration for b was also used by Vahi and 
Kingnia and by Kramers and Krookewit with much less deliberation. 
Whilst this procedure may be acceptable for long drums with 
uniform filling over almost all of their length, the error 
introduced will be greater for short drums and those with 
increasing bed depth over much (or in horizontal drums, all) of 
their length. 
Even if the approximations which make (2.10) inapplicable for 
large db/dx are removed however, the assumption of h0 at 
x0 is still incorrect. This reflects of the fact that this 
condition is not a true representation of the physical situation, 
there can be no transport with zero fractional filling. The 
mathematics of this inconsistency and the minimum filling for 
which the model (further refined) will hold are presented by 
Austin and Flemmer (1974) [A2] and detailed later in this chapter. 
For the time being however it is accepted that a lower bound for 
the integration has been established and (2.10) can yield a 
relationship between h and x along the drum length. 
The integration of (2.10) proved extremely difficult in pre 
computer days. Saeman presented no general solution and the later 
work of Kramers and Krookewit and Vahi and Kingma (with I 0) 
introduced simplified functions to represent the integral over bed 
depth, they were greatly aided in this by the assumption h0 0 at 
x=0. Vahl and Kingma present a general solution for horizontal 
drums in terms of volumetric flowrate as follows 
We 
q = 0.68(h/tD) 208 D4Ncot00(d 	 (2.11) 
L 
Due to the limited accuracy of mathematical approximation 
incorporated in the solution this applies for 0.15 hi/D E 0.45. 
Vahi and Kingma compared this equation with the results of their own 
experiments (details given in Tables 2.1 and 2.2) and found that 
theory underpredicted flowrate by an average of 13%. This is 
equivalent to an overprediction of residence time which would not 
perhaps be expected when the effects of the following assumptions 
inherent in (2.10) are considered: 
Assuming 	zero 	filling 	at 	the 	discharge 	end 	will 
tend to underpredict drum holdup reducing t. 
Assuming the distance travelled in the bed surface is equal to 
the axial advance (see Appendix 1) will have the same effect 
and 
Assuming the particle travels through the drum faster 
than it actually does (neglecting the cascade time) 
should also underpredict t. 
The discrepancy between what might be the expected direction 
of a systematic error and what is actually observed may be partly 
due to the simplified form of the solution function but on examining 
the photograph of the experimental set up it appears likely 
that it may be due to experimental error. This is suggested since 
later workers report marked differences in drum hold-up for 
even slight deviations from the horizontal [S4] and the 
method of drum support shown by Vahl and Kingma's paper does not 
look particularly accurate. 	The underprediction of (2.11) is 
compensated for by changing the value of the constant 	 from 
0.68 to 0.74 and the exponent from 2.08 to 2.05. 
This modified equation defines a relationship between bed height 
and distance along the drum, since however it is the hold-up in 
the drum which is sought in order to determine the mean 
residence time, the relationship between bed height and drum filling 
is now introduced. For a linear transverse bed profile the bed 
height at any axial position x is related to the filling angle 8, 
half the angle subtended by the bed surface at the centre of the 
drum (see figure 2.3), 
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Figure 2.3 - Notation for transverse section at any 
distance X along the drum 
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at that point as follows. 
h = Rd(l - cose) 
	
(2.12) 
The filling angle is in turn related to the fractional filling fc of 
the drum cross section at x. 
fc = ( 1 /rf)( 8 - (sin2e)/ 2 ) 	 ?1'/2 	(2.13) 
and the cumulative filling in the drum is found by integrating the 
point fillings of (2.13) over the drum length as follows 
L 
FC = (IlL) 	fc(x) dx 	 (2.14) 
0 
The cumulative filling can now be used with the drum volume and 
material bulk density to calculate the hold-up in the drum, which 
when combined with the flow rate through the drum allows the mean 
residence time to be determined. Vahl and Kingma use a 
simplified form of (2.13) in terms of h and produce the following 
expression for mean residence time. 
t = 0 911L12/D \O.6 _ 	 (2.15) 
(ID) () 	N 
This is now rather unsatisfactory in that the solution is 
essentially empirical and requires that the bed height at inlet be 
known. 
The solution for the inclined drum case presented by Kramers 
and Krookewit is more complex. 	Prior to integration the 
expression containing b in (2.10) is linearised. 	The two 
variables of the equation, h and x, are made dimensionless and the 
solution expressed in terms of the resulting groups. Here 
again a simplified version of (2.13) is used to obtain values of 
the overall filling FC. The results are expressed in the following 
form 
FCNq = f(NqNL) 	 (2.16) 
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for different values of the dimensionless parameter h o/(RdNq )• In 
which h0 the bed height at the outlet of the drum, considered to be 
equal to the height of the discharge lip. N q and NL are 
dimensionless numbers defined as: 	 - 
N 	= 	q. sin O 	 (2.17) 
wRd tan 
a modified version of the ratio earlier identified by Gilbert, and 
NL = 	jCoS<d 	 (2.18) 
L tanq) 
Kramers and Krookewit also carried out experiments and compared 
their theoretical solution with the results of these and with 
the data of Sullivan et al. There is a systematic discrepancy 
which causes the calculated value of FC to be too low for low drum 
fillings and too high for higher drum fillings, agreement is 
best for 0.05$FC40.1. "Deviations of greater than 30% seldom 
occur" however, and the mean square deviation is around 
15%. Also noted are the asymptotes of the solution one of 
which shows that for long drums with low feedrates and large 
slope no increase in bed height is required to achieve transport 
and the other defines the case in which axial surface slope is 
mainly responsible for transport. 
Further development of the analytical model for solids transport did 
not occur until 1974. Between 1952 and 1974 much of the literature 
on rotating drums was concerned with qualitative investigations on 
operating plant especially using the technique of radioactive 
tracers. The results of this type of investigation are of interest 
but little direct use in model building. Work of this kind will be 
discussed in Section 2.3. Another topic of interest during this 
period was overall simulation of rotary kiln or reactor plant. This 
was primarily concerned with heat and mass transfer and in some 
instances reaction kinetics throughout the drum. The models of 
solid motion used in these simulations were invariably extremely 
simple and are discussed in Section 2.4. 
In 1961 Varentsov and Yufa [V4] attempted to describe the 
transport of solids in an industrial kiln (with air flow) using 
dimensional analysis. 	One of the fundamental groups derived 
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however, a Reynolds number for the gas in the kiln, based on 
the solid particle diameter, is not dimensionless as the wrong 
units for viscosity have been used. This, coupled with the fact 
that the final expression includes an empirical constant to 
account for  kiln diameter effects somewhat limits its 
usefulness. Another investigation using the technique of 
dimensional analysis was presented by Zablotny (1965) [Zi]. 
This considered the more familiar case of a uniform bulk solid's 
motion in the absence of any influences other than the drum 
rotation. The fractional filling and axial rate of advance were 
considered to be independent of each other. The analysis was carried 
Out for these two variables separately and five groups in all were 
developed, one of which was that previously noted by Gilbert [Cl]. 
Length was not considered to be a variable which influenced 
overall filling thus the equations developed apply only to drums 
with uniform filling over their entire length. The groups were 
correlated for a series of experiments at low rotational speed and 
low fillings in which uniform filling would largely prevail. 
Further dimensional analysis is contained in the work of Vogel 
(1965) [V5, V6]. The groups determined here match those of 
Zablotny and further introduce a dependence on drum length 
and are therefore no longer limited to uniformly filled drums. No 
general correlation was presented however and most of Vogel's 
work was concerned with analysing the motion, characteristic of 
very low drum fillings, in which there is no turnover of the bed. 
One such motion, oscillatory "slumping', has been discussed 
previously. Vogel also considered the motion which can occur at 
higher rotational speeds in which the bed surface is stationary with 
some angle of repose M less than the static angle and the 
particles progress through the drum by a "jostling" of each 
other. The use of dimensionless groups is considered further in 
Chapter 5 in which theory and experiment from this investigation are 
compared. 
In 1972 Jinescu and Jinescu [Ji] attempted to derive an expression 
for the mean residence time in a uniformly filled inclined drum. 
The same basic approach as Pickering et al [P1] was adopted but the 
expression for the axial advance of the particle per cascade is 
fundamentally wrong and gives quite the wrong dependence on angle of 
repose. 
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Another model for uniformly filled inclined drums which contains the 
same error was presented in the same year by Rykvin, Telyatnikov 
and Broginskii [Ri]. The mechanism of motion in this case is 
slightly different in that the continuous collapse of a wedge of 
material lifted past its static angle of repose is considered. 
The time associated with any axial advance is also incorrectly 
defined thus invalidating the further development and 
resulting equations of Rykvin et al's model. The final expression 
also includes an empirical factor to account for physical 
properties. 
Abouzeid (1973) [Al] carried out an experimental investigation into 
the behaviour of material in both open ended and constricted 
discharge drums. The use of dimensionless parameters* for scale-up 
is considered as is the axial dispersion in rotating drum systems 
and its effect on residence time distributions. The latter topics 
are considered in Section 2.3. The work was not reported in the open 
literature until much later (1980) [A4, A5] 
Cross (1974) [C2] considers the motion of pellets in a rotary kiln 
in which the filling was uniform over the entire length of the drum. 
The drum filling appears explicitly in his derived expression for 
volumetric flow rate making the equations of little use for filling 
prediction. There appears to be reasonable agreement between theory 
and experiment over a limited range of drum speeds but very little 
information of the experimental set up is given. A criterion for 
the transition between surging and cascading motion was presented 
based on a consideration of the balance between the torque acting on 
the bed due to the drum wall and that due to gravity. 
Shoji (1974) [S4] and Hogg, Soji and Austin (1974) [Hi] examine the 
axial transport of dry powders through horizontal cylinders. In 
this instance however the equation for the axial advance of the 
particle is correctly expressed as the distance moved parallel to 
the drum axis and not that travelled in the surface of the bed, 
(these will only be equal for inclined drums with uniform filling). 
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When this distance is combined with the time taken to complete a 
cycle in order to compute the axial velocity, the cycle time is 
no longer assumed equal to that spent locked in the bed but instead 
is considered proportional to it and a constant of proportionality, 
B, is introduced. The velocity equation of a particle with path 
radius r is next combined with the incremental area of the path 
as before and integrated across the drum cross section to give the 
following expression 
q = ( 2 / 3 )BRd3wsin3extan4cos,8 	 (2.19) 
B is defined as the time spent locked in the bed divided by 
the total cycle time (-) , w is the angular velocity of the 
drum (rad/s) and 0 is the angle at which a particle 
rolls down the bed surface (see figure 2.2) Hogg et al 
present (2.19) in terms of a mass feed rate F with the bulk 
density of the material appearing explicitly on the right hand side 
of their equation. In order to maintain continuity of notation and 
ease comparison with previous and future work in which volumetric 
flow rate through the drum has been used, the mass flow rate and 
bulk density have been combined in this and all subsequent work in 
which they appear explicitly. The derivation of (2.19) is given by 
Hogg et al and repeated in Appendix 2. Equation 2.19 corresponds 
with equation 2.9, the expression 
2_b2  3/2 (Rd 	) 
has been replaced by the equivalent 
Rd3 sin39x 
noting that 
cos8 = b/Rd 
It should also be noted that any dependence on angle of repose or 
drum slope is still contained in tan4 as is any further dependence 
on the angle& . The term cost appears explicitly at this stage 
since this is what relates distance travelled in the surface of the 
bed to equivalent distance along the drum axis. 
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Figure 2.4: Effective dynamic angle of repose of 35x60 mesh silicon 
in an 8 inch cylinder, rotated at 67% Of the critical speed 
from Shoji [S4] 
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The functional form of tan4 is found by considering the line of 
steepest descent of a particle on the bed surface. This procedure 
is illustrated in Appendix 3 for the general case of an inclined 
drum with axial surface slope. The expression is also derived in 
a later paper by Austin, Shoji, Hogg, Carlson and Flemmer [A3] upon 
consideration of a force balance on a particle in the bed surface, 
perhaps not as intuitively obvious as maximising an angle of 
descent. Hogg et al present the form of tano for a horizontal 
drum, a logical reduction of the expression derived in Appendix 3 
and in [A3], as being simply based on the geometry of the system 
tanØ = coto(dsin8 
	
(2.20) 
Which when substituted into equation 2.19 gives 
q = ( 2 /3)BRd3wsin39xcoto<dcos sin,, 
	 (2.21) 
Here again however as with Saeman and Vahl and Kingma the 
assumption that 	is small is introduced and the approximations 
sintanft and cost = 1 are made. 	The discharge end is 
considered as x0 so that tang = - db/dx, this is coupled with the 




dx 	 dx 
Substitution of the above into equation 2.21 gives 
= 	 3q 	 (2.23) 
dx 2BcotoCdwRd4 sin 4GX 
a relationship now between filling angle and axial position. 
Noting that COs8x = b/Rd this compares with (2.10) (with (j) =0). 
Equation 2.23 is solved by Hogg et al again using the incorrect 
boundary condition 8X=O at x0. The solution function for B is 
modified to approximate the fractional filling (2.13) and the 
following form of the solution of (2.23) results 
fc = 0.875 f 	qx 	.)O.64 
(.Bcot ocdwRdi 
(2.24) 
Due to the limits of the mathematical approximations employed 
this applies for 0.04 c fc .< 0.4. This expression is then 
integrated according to (2.13) to give the following equation for 
the cumulative filling. 
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IFC = 0.534 [Bcot q d wR d  0.64 	 . 	(2.25) 
Experiments were carried out on a small rotating drum (Tables 2.1 
and 2.2) rotating at the relatively high speed of 67 where 
w is the critical speed of the drum defined as 
Wc EJj/R) 	(rad/s) 
Where g is the acceleration due to gravity. The critical speed is 
the speed at which, assuming no slip between the particles and 
the drum wall, centrifuging of the particles can occur whereby they 
adhere to the drum wall at all points. The expression for wc 
simply represents equality between the gravitational acceleration 
g and the centrifugal acceleration w2Rd which will allow 
particles to be carried past the highest point in the drum's 
rotation. Such high rates of rotation were used because Shoji 
was primarily concerned with the operation of ball mills which 
have characteristic operating speeds of 0.55-0.85w [R3]. Rotary 
Kilns, calciners and reactors are generally operated in the range 
0•040•2Wc The experiments of Hogg et al were used to determine 
the value of the constant B as 0.51. In order to obtain this value 
however, the static angle of repose 0< was used in (2.24) and 
(2.25) in place ofCKV  In their diagram and in the derivation of 
their equations however Hogg et al clearly show that O( (they 
do not differentiate between static and dynamic angles of repose 
in notation) was considered as the dynamic angle of repose. An 
explanation for this discrepancy may be found by examining the 
diagram of the bed cross section profile for these experiments 
contained in Shoji's thesis and reproduced in Figure 2.4. 
Here it can be seen that the assumption of a linear transverse 
bed profile inherent in the derivation of (2.19) is violated. If the 
suggested effective dynamic angle of repose of 65 ° is used in the 
expressions developed by Hogg (this would seem entirely logical from 
the presentation of the work) a value for B of 1.41 is needed to 
fit the data. This cannot be since B is defined as the ratio 
of the time a particle spends locked in the bed to the total cycle 
time, (that spent cascading on the surface plus that spent locked 
in the bed). 	Clearly the physical model described by Hogg et 
al 	does not hold for high rotational speed, and/or non-linear 
transverse profiles but it has been made to fit by wrongly using 
the static angle of repose in place of the dynamic. 
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Comparison of theory and experiment showed that the agreement was 
worst for high feed rates and short drums or for short distances 
along a drum if cumulative filling with distance was compared. 
These are conditions for which the assumption that 3 is small is 
not obeyed (bed collapse) and the underprediction of FC associated 
with the assumption of e=O at x=O has maximum effect. 
The error in assuming 8O at the discharge end is addressed 
later in the same year by Austin and Fleminer [A2]. Austin 
was one of the contributors to Hogg et al [HI]. Throughout the 
paper however the error is referred to as being that of Vahi and 
Kingnia's. Austin and Flemmer note that for a constant volumetric 
flowrate, as the filling considered becomes lower and lower the 
value of, must be increased to maintain a constant flowrate and in 
the limit of zero fractional filling is therefore inconsistent with 
the basis on which the model is derived, which requires that there 
be a finite bed surface in order to pass material. The limit in 
filling to which the model can be applied may be determined if the 
approximation of:- 
s ir8 cost =tanfl 
is replaced with the identity tan ,$ /(1+tan211 ) ( 2.26) and 
this is substituted into (2.21) yielding. 





(Austin and Fleinmer erroneously omit B from this expression 
when referring to the work of Hogg et al). From this it can be seen 
that the minimum filling, corresponding to a minimum in sines 
will occur for maximum tan/(l+tan$) which is for tan,8=0.5 or 
45 ° . The minimum filling for which the model applies can now be 
found from:- 
sin36=2.5q/K 	 (2.28) 
(Austin and Flemmer wrongly put 2 instead of 2.5 here). Equation 
2.28 defines the lower bound for the integration of the equation 
for dO/dx. The latter is now more complex than (2.23) as 
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substituting the full expression for si9,&cos,6 in (2:21) requires 
that it be rearranged as a quadratic in tan ,  and the roots extracted 
before the introduction of tai=RdsineXd&X/dx be made. The result 

















This does not readily lend Itself to the simplified solution 
techniques which result in (2.24) and (2.25). The solution is 
instead obtained by numerical integration and Austin and Flemmer 
compare results with those of (2.24) and (2.25). The deviation 
between the original model and the modified version was shown 
to be greatest for large dimensionless flowrate (q/K), 
precisely the conditions under which Hogg et al's solutions 
deviate most from experiment. One example was given by Austin and 
Flemmer to show the improved agreement between theory and experiment 
which resulted from using (2.29) rather than (2.23). The value of K 
for this example is that determined previously by Hogg et al. 
Austin and Flemmer found that the assumption that minimum filling 
occurred exactly at the discharge end lead to overprediction of the 
cumulative filling FC. They therefore moved this lower bound for 
integration inside -the drum a distance x (see Figure 2.3) and 
assumed that from this point the bed collapsed to the end of the 
drum at an angle of repose of 45 ° . This forms an isosceles triangle 
in which Ax=hm  where hm is the height associated with the minimum 
fractional filling and is determined using the filling angle found 
from (2.28) combined with (2.12) (Austin and Flemmer present an 
approximate relationship between fractional filling and h). 
This effort to correct overprediction of FC was dispensed with when 
the case of inclined drums was considered in a paper by Austin, 
Shoji, Hogg, Carlson and Flemmer [A3] (1978). Here again the 
equation developed by Shoji and presented in Hogg et al 
(2.19) was used as the starting point. Tan  must now be 
determined for the inclined drum case. The derivation of the 
expression for tan  has been discussed previously and is presented 
in Appendix 3, it is also given by Austin et al based on different 
considerations. The result is as follows: 
tang = (cosodsin,8 + tanPcosft)/sinod 	(2.30) 
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Which reduces to equation (2.20) for horizontal drums (çt) =0). 
Following the procedure previously described for horizontal 
drums this is substituted into (2.19) to give 
q = Ksin3ex  cosA sin/ (1 + C/tan,$ ) 	 (2.31) 
Where: 	C r. tanh/'/cosc(d. 	Once again the identity (2.26) is 
introduced giving 
q = Ksin3e/ 	tan$ '\(1+ C 	 (2.32) 
+ ta'n2,8 /\ 	tanftj 
Which when rearranged as a quadratic in tanft gives 
tan,E = (Ksin3 ,.) ±J(Ksn38x) 2 - (i - cKsin 3e) 	(2.33) 
Where the negative sign is applicable. 	As before tang is 
replaced by Rdsin&XdeX/dx  to obtain 
dE)x = 	i 	[(KS1n36 + /(KSin3Bx 2 - (1- CKSin8(2.34) 
dx (Rdsinex)L q 	 q / 	 q 	/J 
the relationship for filling angle versus distance for an inclined 
drum, which reduces to the horizontal equivalent (2.29) for C=0. 
There are two things to note about this solution. 
The 	minimum 	filling 	now 	determined 	for 
maximum (tanfl/(1+tan2fl))(l+C/tanfi) in (2.32) is the 
lower bound for integration and is assumed to apply from 
the discharge end exactly. 
It can be seen that d6/dx  equals zero for values of sin 38 
equal to q/CK. This determines the filling angle for which 
transport may be achieved in inclined cylinders with no 
increase in bed height. 
This relationship between 8 	and x is linked to the 
corresponding fractional filling variation with x and then the 





Fig 2.5 Proposed model of transfer of powder along cylinder applies over 
x: Ax is region where powder collapses through end of cylinder. 
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The comparison between theory and experiments (carried out 
for relatively low fractional fillings) was found to be very good. 
Details of the experiments used to compare theory and experiment 
are not given, but it is obvious from the figures presented that 
they are the inclined drum experiments from Shoji's thesis [S4]. 
Indeed the value of K used to solve (2.34) is that determined for 
the horizontal drum case earlier by Hogg et al [H4]. As was 
previously discussed the static angle of repose has been used in 
place of the dynamic in calculating K. Austin et al however use the 
effective dynamic angle of repose of 65 ° to calculate C! This 
use of two different angles represented by one symbol in 
(2.34) cannot be detected without recourse to the paper of Hogg 
et al. The reader is instead led to believe that one angle, the 
dynamic angle of repose 0'd has been used throughout. 
2.2 	The Constricted Drum 
Early work on the transport of solids through open ended inclined 
drums was concerned with drums in which the transport could be 
effected with no change in bed height (limiting filling attained a 
short distance in from the discharge). This was also the case when 
constricted drums were first considered. The profiles which 
may exist in a constricted discharge drum operating with limiting 
filling are shown in figure 2.6. 
Equation 2.34 illustrates the stage to which the model for 
solids transport in a rotating drum had been developed when this 
investigation was started in October 1981. Other papers 
relevant to the subject appeared and are discussed below but 
none developed further the fundamental mathematical description 
of the solids motion. 
Fritts (1976) [F2] reports an empirical expression for Portland 
cement kilns quite similar in form to that of Gibbs (1942) equation 
(2.6). Empirical correlations and limited theoretical derivations 
which were produced in this period in the eastern european countries 
have not been detailed since they are at best as limited as the 
equation of Sullivan et al. A summary of the equations is given by 
Akerman (1973) [A7] and some are reported in Vogel (1965) [V5] who 
examined their limitations in more detail. One such published in 
English is given by Sribner (1979) [S5]. The equations for mean 
residence time and related quantities such as volumetric flow rate 
require that the fractional filling be known before they can be 
used. 
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For nonuniform bed depth the slope of the bed surface with 
respect to the drum axis is required, this is assumed equal to the 
static angle of repose at the discharge end, further 
variation is then found by "sequential approximation" for which 
no general solution or example is given. 
Sullivan et al [Si] produced a group of correction factors which 
could be used to multiply their basic open ended drum equation for 
mean residence time (equation 2.1). The form of the correction 
factor was empirically determined and depends on whether the  
uniform filling bed height is greater than, equal to, or less than 
the height of the weir (curves a, b and c respectively in figure 
2.6). The equations are thus of no use for residence time 
prediction where the bed profile is unknown. They are limited also 
in being "tied" to the open ended drum equation which is only 
applicable to drums with relatively small feed rates. 
Bayard [Bi] also produced a correction factor for multiplying on to 
his equation for open ended drums. As for the original equation 
the correction factor is based on a "geometrical derivation" but 
again this is not presented and the derivation is not obvious. 
His equation also requires that the bed profile 	be known in 
advance. 	A further extremely limited empirical expression is 
presented by Mukherjee and Ghâsh (1977) 	[M3]. They derive an 
expression for a kiln with a constriction located at a fixed 
distance in from the discharge end which is only useful for drums 
of similar dimensions and Inclinations. 
Moving on from expressions which consider uniform filling alone, 
Saeman suggests setting bed height equal to the height of the 
constriction in order to define a boundary condition for the 
integration of (2.10). The error associated with this will 
obviously Increase with increasing feed rate which requires 
greater bed depth over the constriction to transport it. He also 
suggests that this approach is suitable for bed profiles such as c 
in figure 2.6. In this case he suggests integrating from the 
constriction height down to the uniform filling height whose value 
may be found by setting db/dx = 0 In (2.10). It seems unlikely that 
an equation derived on the basis of axial advance along an inclined 
surface should apply when the motion is effectively in a direction 
opposite to the bed gradient. This is the situation which arises 
when a constriction forces the bed to build up behind it. Further 
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use of (2.10) for situations in which dh/dx is negative (x = 0 at 
the discharge end) was made by Kramers and Krookewit. It is 
perhaps noteworthy that of the results for constricted inclined 
drums which they report only 4 of the 28 sets of data are for drums 
whose constriction height is greater than the bed height required 
for uniform filling and these represent four of the highest 
deviations between experiment and theory in their data. 
Alternative solution techniques are discussed in Chapter 3. Saeman 
and Kramers and Krookewit are the only authors to have considered 
the solution of the equation derived from a theoretical model of 
solids motion for the case of an inclined constricted drum. All 
published work from this point on is concerned with horizontal 
constricted discharge drums. 
The possibility of the discharge lip height being greater than bed 
height further back up the drum, brought about by the ability of 
inclined drums to sustain uniform filling, cannot occur in 
horizontal drums. Here the discharge end constriction is truly a 
lower boundary condition form which the integration of the equation 
for the variation of filling along the drum length must commence. 
Hogg et al [Hi] solve their equation (2.23) with the boundary 
condition E)x = e(0) for constricted drums in addition to the 
(incorrect) boundary ex=o for open ended drums. 8(°) is the 
filling angle corresponding to the filling fc(0) at the constricted 
discharge. Once 8(°)  is determined the solution technique is 
analagous to that previously discussed for the open ended drum case 
and Hogg et al presented the following equation for overall filling 
in a horizontal drum with constricted discharge opening. 
1.64 






Their equation has been rearranged in the above form to 
facilitate comparison with later workers who use this form. 
The problem of defining the filling at a constricted discharge other 
than by assuming the bed height equals the constriciton height 
was first addressed by Hogg et al. Their answer was to develop 
the following empirical correlation between discharge end 
filling, feed rate and discharge opening 








Figure 2.6 - Bed profiles for uniform filling in a constricted drum 
bed height constriction height 
bed height = constriction height 
bed height constriction height 
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Figure 2.7 - Schematic diagram of discharge end of constricted drum 
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Where K1 and m are empirically determined constants and fc min is 
the filling corresponding to a bed height which is the same 
as the constriction depth (found using 	(2.12) and (2.13) with 
h = constriction height). 	The constants K1 , m and B in (2.35) 
and (2.36) were fitted using the data of Shoji [S4], and 
the static angle of repose was used in place of the dynamic 
in order that B might have a value consistent with its 
definition. Discussion of this illogical procedure has been 
presented when the work of Hogg et al for open ended drums was 
considered. 
All other published work on the prediction of filling in 
constricted discharge drums has also considered only horizontal 
drums and has used (2.35) to calculate overall filling in the 
drum. As discussed below however the value of B has been fitted 
by each author using their own data. Empirical correlations 
different from (2.36) were also developed to determine the 
discharge end filling. Karra and Fuerstenau [K2] (1978) 
studied 	the 	hold 	up 	in 	horizontal 	drums 	with 	a 
grate-discharge. Though this type of constriction, an end plate 
with a pattern of holes or slots in it, is quite different from the 
annular weir presently under consideration, the form of the 
equations developed by Karra and Fuerstenau was later used by 
workers concerned with weir type end constrictions. Unlike Hogg et 
al, Karra and Fuerstenau carried out their investigations over a 
range of drum speeds from 10% to 75% wc. They did not find 
a constant value for B in (2.35) but instead calculated it using 
the following expression 
B cotO(d = -K1 (w/w c ) + K2 	 (2.37) 
Where K1 and K2 are empirically determined constants. 	Karra 
and Fuerstenau did not constrain B to be less than or equal to unity 
and used an unsubscripted OC., considered simply an "angle of repose' 
for cK d ( 0 d is clearly the correct angle as can be seen in the 
derivation of Hogg et al - thus it has been subscripted here). 
Karra and Fuerstenau also used the static angle of repose to 
calculate values of B though they need not have specified any 
angle but simply considered B COtd as a single parameter. 
It can be seen then that in order to fit experimental data, Karra 
and Fuerstenau, Hogg et al and Austin et al have all had to 
violate fundamental relationships contained in the model on which 
the derivation of (2.34) and (2.35) are based. They use these 
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equations therefore essentially as dimensionless correlations 
with empirically determined coefficients in which the dimensionless 
groups have been suggested on the basis of a model, rather than 
as the solution of a model with certain empirically determined 
parameters. It is believed this has arisen through using the 
model for situations in which it does not hold, viz high 
rotational speeds in the case of Hogg et al and Austin et al and a 
combination of high speed and probably the effect of a grate 
discharge in the case of Karra and Fuerstenau. 
Karra and Fuerstenau found they could correlate the discharge end 
filling fc(0) with the following expression 
fc(0) = K3/_9 \I(4 	 (2.38) 
( wcD3) 
Where K3 and K4 are empirically fitted constants. This expression 
takes no account of discharge plate geometry and Karra and Fuerstenau 
only used one configuration in their investigation. The 
discharge end filling, used as a fitted parameter in Hogg et al's 
model by Karra and Fuerstenau is shown to be greater than the 
cumulative filling over much of the drum. This emphasises the fact 
that although the discharge end filling and the constant 'B' retain 
their terminology - the values fitted to them do not have any 
physical significance. 
Equation (2.35) was also used to predict the filling in a horizontal 
constricted discharge drum by Abouzeid and Fuerstenau (1980) [A4]. 
They presented the equation in the following form 
FC = fc(0)256 AW*D[f1 + 	12.99 F*L \1.64 _i1 	(2.39) 
21.31 F*L L f c (0)U 56 Aw*D) 	j 
Where the terms A, w* and F* are defined as follows 
F* E q/wD3 
	
(2.40) 
This is the group in brackets on the right hand side of (2.38) 
used by Karra and Fuerstenau. 
w/wc 	 (2.41) 
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(w* is wrongly defined in words in the paper as simply the drum 
speed in rpm) and 
A = BCoto(d 	 (2.42) 
Abouzeid and Fuerstenau [A4] use the same expression as Karra and 
Fuerstenau to determine B (equation 2.37) which, using their notation 
is 
A = -K1w* + 1(2 	 (2.43) 
They also use (2.38) to determine discharge end filling, but in two 
stages. The right hand side of (2.38) is not used to determine the 
filling directly but to find the filling over the weir as follows 
K3(F*)K4 = ! ICos 	 ,Y_(R_\ 2 	(2.44) 
'' L \ R) 	R /.J 	\ R J j 
Where Z is the bed height above the weir as shown in Figure 2.7. 
The right hand side of (2.44) defines the filling over the weir. 
Once Z has been determined the filling at the discharge end 
is found as follows 
fc(0) = ! Jcos1(R/R\ /1 -f- 	I (2.45) 
CZZRd/Rd/J 	RdJJ 
The constants K1-K4 used in (2.43) and (2.44) are 	evaluated 
for a small scale drum of fixed discharge constriction radius 
operated over speeds between 6 and 75% of the critical speed. The 
values of K, and K2  thus determined are such that B is greater 
than one for all common values of in (2.43). It is noteworthy 
that no expression used to determine discharge end filling 
(equations 2.36, 2.28, 2.44 and 45) has had any dependency on drum 
speed. It should also be noted that the fractional fillings reported 
in [A4] and presented as percentages on the ordinates of their 
graphs are not the fraction of the total drum volume occupied by the 
solid bed. They are instead the filled fraction of the drum volume 
which remains if the volume of a "core cyclinder" whose radius is 
equal to that of the discharge constriction is considered removed 
from the total drum volume. No mention of this is made in the text 
of the paper. 
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A subsequent paper by Abouzeid and Fuerstenau (1980) [A5] presents 
exactly the same equations as in [A4] but modifies some of the 
definitions. This can only be detected by detailed comparison of 
both papers. The latter paper replaces the group F*L/w*D in (2.39) 
with one symbol .41. where f is defined as 
= qL/BwD4 	 (2.46) 
This is not consistent with the expansion of the group according to 
the definition in [A4] and requires that the value of A in [AS] be 
simply CotO( d. Another paper by Abouzeid, Fuerstenau and Sastry 
[AlO] (1980) also shows that B in (2.46) has been considered equal 
to I ( Cot ( d though no mention was made of this at the time. 
The expression in (2.46) is shown to be useful for comparing the 
holdup in drums of various dimension which are operated at the same 
fraction of their critical speed and which have the same ratio of 
discharge constriction radius to drum radius. Equation (2.39) with 
variables determined by (2.43), (2.44) and (2.45) (with definition 
presumably according to [A5]) is shown to underpredict filling in 
general, the deviation increasing with increasing LID of the drum 
[A5]. Equations(2-35) and (2.39) with the various attendant 
empirical expressions for discharge end filling which have just been 
discussed represented the most up to date expressions for the 
prediction of filling in (horizontal) constricted drums at the time 
of this investigation. 
2.3 	Tracer and Residence time distribution studies 
Between 1952 and the early 1970's much of the literature on the 
motion of solids in rotating drums was concerned with the use of 
radioactive tracer methods in full scale industrial equipment. 
First reported was an account of a test made with "sticky and non 
granular" finely chopped seaweed in a rotary drier carried out 
by Gardner, Mitchell and Scott (1952) [CS]. A quantity of 
seaweed which had absorbed radioactive orthophosphoric acid was 
introduced into the feed to the drum at time t o  and the discharge 
thereafter sampled at discrete time intervals until the 
radioactive material was all or almost all discharged. A plot of 
discharge concentration versus time gave a now familiar age 
distribution curve from which Gardner et al only wished to 
extract the modal residence time. Similar limited use of 
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residence time distribution (RTD) information was previously made 
by Pickering et al who used dyed bulk solid particles and Van 
Krevelen and Hoftjizer who simply introduced a fixed mass of 
material to an empty drum. 
Radioactive tracer techniques serve to illustrate the complexity of 
material motion in industrial processes. This is highlighted in a 
paper by Rutle (1955) [R2] concerned with movement of material in 
long wet process rotary cement kilns (lengths of 80-115m, LID -'-34 
and residence times of the order of 5 hours). Here again the 
technique of irradiating a portion of feed is employed and RTD 
curves obtained in a manner similar to that described above. Since 
the tracer was added over an extended period of time the curves are 
only used to get a qualitative idea of the extent of mixing in a 
kiln. In addition however the rate of advance of the material along 
the kiln was measured by placing detectors along its length and 
following the "activity peaks" of an added portion of radioactive 
feed. It was observed that the material had different rates of 
advance in different sections of the kiln. This is attributed to 
the change in physical properties of the charge as it moves from the 
environment of a nodulising zone to burning and calcination zones. 
The effect of CO 2 driven off in the calcination zone is also noted 
as this had a fluidising effect on the charge producing a rapid 
advance due to the combined effects of "airsilde" and drum slope.' 
Boguslavskii (1956) [B2] combines empirical expressions for the 
variation in bulk density and angle of repose along the drum with 
the expression developed by Saeman (equation 2.10) in an effort to 
improve the prediction of the bed profile in certain horizontal 
kilns for the calcination of sodium bicarbonate. Unfortunately no 
measure of the degree of success is given. Jinescu and Jinescu also 
considered accounting for varying physical properties with length by 
splitting the drum into sections of known properties and applying 
their equation, discussed in Section 2.1, to each of these in turn. 
Many investigations of similar type and scope to that of Rutle 
were carried out, for example [A6, G6, H2, Z2] and many papers were 
concerned with the details of tracer techniques and correct 
analysis and interpretation of the results of such investigation 
[Cl, Li, 01]. The inevestigation of Shevstov et al [S6] (1971) used 
a refractory brick "capsule" to contain the radioactive source. 
This was significantly larger than the bulk solid material thus 
their results are only of qualitative significance since the rates 
of advance for the capsule and bulk solid will be different though 
they were claimed to be "roughly the same". 
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In all of the above tracer investigations rarely is sufficient 
data given to allow the RTD results to be used to compare' with a 
theoretical model for RTD. Such models as have been 
developed shall now be considered, the discussion being kept 
general as no development of RTD work was carried out in the present 
investigation. 
The axial dispersion of solid particles in a rotating drum was 
first considered by Fan and Ahn (1961) [F3]. They believed that 
mixing in the radial direction was extremely rapid and that 
longitudinal dispersion could be represented by the one 
dimensional diffusion model. The unsteady state material balance 
for tracer was expressed as follows 
dCt  = D dCt 
dt 	dx2 
(2.47) 
Where D is the longitudinal dispersion coefficient m2/S, C is 
the concentration of tracer (kgm 3 ) and t the time from its 
introduction to the system. The solution of this equation for an 
impulse response is presented and the parameters fitted to the data 
of Miskell and Marshall [M4] who performed impulse input RTD 
experiments on a flighted drum. A correlation between the Peclet 
Number 
Pe = 	 (2.48) 
UL 
Where U is the flow velocity (m/s) found by dividing volumetric 
flowrate by the drum area, and the dimensionless feed rate 
N (P D3 
is presented. The Peclet number is found from the variance of the 
RTD curve. Approximations are presented for low values of peclet or 
variance such as were encountered in the data of Miskell and 
Marshall. Rutgers (1965) [R3] also uses the one dimensional 
diffusion model but refers to the quantity defined by (2.48) as the 
Bodenstein Number. He carried out extensive experiments for drums 
with different inlet and outlet configurations and various operating 
conditions. The effect of the various conditions on longitudinal 
dispersion, as measured by the Bodenstein number calculated from 
tracer response curves, is discussed in general terms. - 
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No general correlation was presented. 	The mathematical 
relationship between the form of the tracer response curve, its 
variance and the Bodenstein Number calculated on the assumption of a 
log-normal distribution of tracer as opposed to the diffusion model 
is considered by Ivanets, Moiseenko and Lukyanov [Ii] (1969). 
Austin Luckie and Atey [A8] (1971) consider RTD in cement mills and 
present the mathematics for analysing impulse response curves which 
must be corrected for recycle streams. Merz and Molerus [M5] (1972) 
also consider RTD in ball milli with high rates of rotation 
(>0.5wc ), up to 60% drum filling and a grate discharge. A fuller 
review of the workers who have considered RTD in ball mills, drum 
mixers, flighted drums and "plain" drums and the models they have 
used to describe the RTD is presented by Abouzeid, Mika, Sastry and 
Fuerstenau [A9] (1974). They carried out experiments on small scale 
drums to determine the effect of operating variables on the mean and 
variance of the RTD for a constricted discharge drum. The results 
are analysed in terms of the axially dispersed plug flow model and 
the applicability of this model for non segregating particulate 
material transport is established. 
A similar analysis is carried out by Karra and Fuarstenau (1977) 
[K3] on the same apparatus used by Abouzeid et al. This time the 
effect of discharge plate geometry is studied in isolation. 
Hehi, Krogër, Helmrich and Schugerl [H3] (1978) investigated RTD 
in a laboratory scale horizontal rotary drum with an end 
constriction using fine sodium carbonate as bulk material. 	All 
previous investigations have used more granular substances. The 
effects of rotational speed and feed rate were studied and the mean 
residence times measured were found to compare well with those 
predicted by a modified version of Vahl and Klngma's solution at low 
feed rates. Deviations occurred however at higher feed rates. 
Rogers and Gardner (1979) [R4] also considered horizontal drums and 
the physical model of Vahl and Saeman but this they used as a base 
on which to superimpose a Monte Carlo simulated degree of 
dispersion.. Empirical data on the dispersion of particles in a 
batch system is required to provide a distribution curve fr the 
angle at which a particle tumbles down the surface. 
Abouzeid, Feurstenau and Sastry [AlO] (1980) investigated the 
scale-up of RTD using the axial dispersion model. Here again a 
good review of the published literature on RTD is given. A 
dimensionless mean residence time is derived by dividing the 
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fractional hold up in the drum (expressed as the volume of 
material hold-up divided by the drum volume) by the dimensionless 
feed rate expression (2.46) which is found in the solution to 
the mass transport equation of Hogg et al. The dimensionless 
mean residence time derived can be related to a 
dimensionless variance of the RTD curve using the axial 
dispersion model. This was done and data were correlated for 
one set of drum dimensions and used to predict the variance 
for other sizes with dimensions of similar order of magnitude but 
differing LID ratio. 
The work of Mu and Perlmutter (1980) [Ml, M2] was concerned with the 
development of a wholly new model to describe solids mixing and 
material transport in a rotating drum. The model is based on a 
description of the solid bed in terms of model blocks linked by 
transfer functions (eg plug flow section and cascade region with by 
pass and recycle). The essential parameters are number of stages, 
volume fractions of mixed flow and plug flow in each stage, recycle 
ratio and by-pass ratio, these must be determined empirically. The 
model was used to determine RTD, in order to define the number of 
turnover stages, the relationship between filling angle and distance 
is required however and for this a modified version of Hogg et al's 
solution was employed based on (2.21) but with only,9 and 6 x  left 
as variables, all other terms being grouped into one factor which 
must be determined empirically. As pointed Out by Abouzeid [AlO] 
multi parameter models have greater potential for the accurate 
fitting of experimental data but are perhaps less useful for 
comparing various systems or for scaling them up. 
2.4 	Overall simulation of rotating drum plant 
An accurate model of solids transport 	should allow the 
design of rotating drum equipment to be carried out on the 
basis of residence time, hold-up and bed profile criteria. 
Better use could perhaps be made of such a model if it were 
combined with heat and mass transfer information and reaction 
kinetics to provide an overall desription of the process being 
carried out in the drum. This should provide an improved basis 
for design and a useful tool for control models and even operator 
training. 
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Such work as has been done in this area has universally adopted 
the simplest of models for solids transport in assuming a 
uniform hold-up which is proportional to the feedrate 
and inversely proportional to the drum speed [Dl, G7, K4, L2, L3, 
L4, R5, S6]. Much of the work was performed on analog or 
hybrid 	computers. 	With 	the 	increasing 	availability 	of 
powerful digital computing time today the building of a 
model 	which 	accurately 	predicts 	the 	changing 	physical 
processes 	and properties for a given 	rotating 	drum 
application is an attractive proposition. Some papers which give 
details of processes carried Out in rotating drums along with 
reaction rate constants, temperature profiles, heat transfer 
coefficients and emissivities where appropriate are those of 
Lyons, Min,Parisot and Paul [L3], Kroger, Hehi, Helmrich and 
Schugerl [K4]. One paper which has considered the fundamental 
nature of the solids motion and the effect this has on heat 
transfer is that of Lehinberg, Hehi, and Schugerl [L4]. 
2.5 	Su'.ry 
The discussion in 2.3 and 2.4 is of a general nature intended to 
outline areas in which a detailed model of the motion of solids in 
rotating drums may make a useful contribution. The development of 
such a model was detailed in Section 2.1 where the progression from 
empirical correlation for mean residence time and hold-up to 
equations based on the mathematical description of the observed 
motion is described. The most developed form of these equations is 
given in the expression of Austin et al for open ended inclined 
drums, equation 2.34. This is an extension of the equation 
presented by Austin and Flemmer for horizontal drums. The equation 
can be summarised in functional form as follows 
= f( 8 , Rd, q, ° d I w, (/1 ) 	 (2.49) 
dx 
with boundary condition 	ex = 8x0 at x = 0 
Both sets of equations have in them an empirical constant to account 
for the time a particle spends cascading on the surface. Removal 
of this limitation by modelling the particle motion in the surface 
is considered in the next chapter. 
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The determination of the discharge end filling e(0) is required 
before these equations can be used. For open ended drums this has 
so far been considered as the minimum filling for which the model 
will hold and for constricted discharge drums the problem has been 
universally dealt with by empirical correlation. Predicting 
discharge filling by modelling the solids motion at the discharge 
end is considered in the next chapter. In addition to these topics 
Chapter 3 also considers where improvements may be made in the 
fundamental assumptions of the solids motion. 
48 
Investigators I Drum Associated R,/Rd Ezuined Rotational Coeute 
Lengths Disseter(s) Speed (2 v) 
(-) (.) 
Sullivan at ci (SlJ 1 	1.52 .0952 1, 	0.75 I 	0.5-5 Slopes 1-6 
2.13 1 	.0762, 	.1524, 	.5 
Gilbert 	[Gi] 1 	.762 1 	.051, 	0.0635, 	.071 	I I I 	- Slope 2.29 
I Drum rotated by hand 
Pickering et ci [P1] 
I 
1 	3.35 
I 	 I 
I .4254 	1 1 
I 
I 	2-7 Rotary kiln - fire- 
brick lined 
I 	 I 
I 
I 	Slope 2.4 
Kramera & 1(rookewit (El) I 	1.78 .197 	 I 
I 




I 	Slope 0.5-5 
I 
Vahi 6 	](Lngtna 1V31 
I 
I 	.63 I 	.11 	 I 1 8-32 I 	Steel cylinder with 
I I I I 	rough surface 
I 	 I I Horizontal 








I 	Lucite drum, 
Austin et ci 	(*31 I I I I I 	Vibratory 	fe.d'r 
I I I 	Horizontal 
I 	 I I 	Austin et at - 
I I I inclined 
Abouzeid at ci (A4, *5, I 	.24 I 	.08 	 I 1, 	.875, 	.75, 	.625 I 	28 I 	Lucite, Horizontal 
A9) I I I .56, 	.44 I I Vibratory feeder 
Karra 6 Puerstencu (K31 I I 	 I I I 
I 
Karra 6 Fuerstenau (K21 I 	.292 I 	.127 	 I - 
I 
I 	10, 	30, 66, 	75 I Grate discharge 
.4381 I I I 
I 	.73 I I I 
I 




I 	 I 
I .102 	 I 
I I 




Table. 2.1 Experimental Details of Key Past Contributors to the Study of 






I 	Bulk Density 
1 
Angles of Repose (Deg) Ma.. Tie,, Rates 
(kg/u ) 
Sullivan et al 	(S1J I Ottawa Standard 1 	1480 (7) 	typical j 	35 - Up to .01 Sand I 	of 	sand. 
30/50 mesh quartz 1 42.5 - 
Sawdust 
- 55.6 - 
Gilbert 	(Cl) I 	Sand - - 
- I 	Equal amount, led 
after 1 drum rot. 
Pickering et al (P1) I 	Alumite 
I raw - - 41 
I calcined - 
- 38 Up to 	.08 




1 	1480 1 - 36 
Ground coke 	I 160 1 - 40 Up to 	.0394 
Vahi & Ktngma [K3] 
T 
I 	Sand 	 1 1490 1 	33 
Rye 1 710 1 40 - - Up to .037 
Hogg et al (Hi) I 	35 x 60 mesh 
r 
Austin et al (A)) Silicon carbide 1460 38 65 .0002- .004 
Abouzeid et al (0, A5 	A91 1 	35 x 48 mesh 1300 32 I 	.0024 Karra & Pueretenau 1K21 Dolomite - I 	.00153-.00l61 




Dolomite .00165-.0067 - 
Mu & Perlmutter (M2) 
r 	 r 





27 35 	I 
I 
.0035 
Table 2.2 Physical Properties of Material Used in Apparatus of Table 2.1 
all 
CHAPTER 3 - DEVELOPMENT OF AN IMPROVED MODEL FOR SOLIDS TRANSPORT 
Introduction 
In Section 2.1 the theoretical models developed to date of the transport of 
solids in a rotating drum were discussed along with their limitations and 
assumptions. Further development of a theoretical model will be concerned 
with removing or reducing the limitations of some of these assumptions which 
in summary are as follows: 
The bed cross-section has a flat surface of slope 	with respect to a 
plane tangential to the lowest point of the drum's circumference. 
The time spent cascading on the surface is negligible compared to that 
spent locked in the bed. 
The thickness of the cascade layer is negligible with respect to the 
bed depth. 
All particles re-enter the bed at the same radial distance from which 
they left. 
There is no change in the physical properties of the solid material 
over the length of the drum. 
As mentioned in the introduction to this work assumption 5 will be retained. 
From experimental observation assumption 3 has also been considered 
reasonable and left unchanged. Of the remaining 3 only assumption 2 has so 
far received any attention in the literature, as evidenced by the 
empirically determined constant, intended to take account of the finite time 
that a particle spends on the surface, included in the most up to date 
models. The first objective of this work was to remove this empiricism and 
model the motion of particles on the bed surface, thus determining the time 
spent in the cascade layer from a theoretical basis. Section 3.1 presents 
the derivation of an expression for the variation of fractional filling with 
drum length for both horizontal and inclined drums from which the empirical 
constant has been removed. The derivation is similar to that for horizontal 
drums of Hogg et al [Hl] (Appendix 2) which was subsequently modified to 
accommodate inclined drums by Austin et al [A3]. In the present derivation 
however the time spent cascading on the surface is expressed explicitly 
throughout and the final equation is correspondingly more complex than its 
predecessor, (2.34). 
The cascade time is determined by considering the motion of the particles in 




Having removed assumption-2 from the model, Section 3.3 goes on to consider 
assumption 4 and examines the patterns of particle circulation which give a 
steady motion of the charge in a rotating drum. 	The validity of 
assumption 1, that the bed cross section has a flat surface of slope 	d'  is 
considered next in Section 3.4. 	 - 
Having reappraised and modified some of the basic assumptions on which the 
model of solids motion has been based in the literature to date, the 
solution of the resulting equations is considered in the last sections of 
this Chapter. As pointed out in Chapter 2, determining the discharge end 
filling is of key importance and to date this has been achieved by assuming 
it to be equal to the discharge lip height or by empirical correlation. 
Section 3.5 presents an alternative theoretical method for determining 
discharge end filling. Sections 3.6 and 3.7 deal with the solution of the 
equations for the case of limiting filling and internal weirs respectively. 
There is a final summary in Section 3.8 of the changes that have been 
introduced to the model of solids motion and the advantages these introduce 
over previous work. 
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3.1 Development of Equation for Filling Along Drum Length in Which Cascade 
Time is Expressed Explicitly 
This derivation follows the form of that of Hogg et al [Hi] presented 
in Appendix 2. The derivation of the axial advance per cascade is the 
same and it is from this point onwards that the introduction of an 
expression for the cascade time takes effect. The starting point is 
taken therefore as the expression for the axial advance per cascade 
for a particle of path radius r, (A23). 
s(r) = 2r sin O r  tan 0  cos, 	 (A2.3) 
Where O r  is the filling angle for the section of bed contained within 
the particle path of radius r (see Figure 2.3). The expression is 
used to calculate the axial velocity of the particle by dividing by 
the time taken to complete a cycle of being locked in the bed and 
cascading on the surface (the 'cycle time'). 
v(r) = s(r)/T(r) 
Now instead of assuming that r (r) is simply equal to the time spent 
locked in the bed as was done by Saeman, Vahl and Kingma, Kramers and 
Krookewit and Pickering et al, viz: 
'r(r) = 28r/w 
or proportional to this time as in Hogg et al [Hi] and Austin et al 
[A3] viz: 
T(r) = 2er/Bw 	 (A2.4) 
The cycle time is instead expressed as the time spent locked in the 
bed plus the time spent cascading on the surface 
T(r) = 28 r/w + tc(r) 	 (3.1) 
Where tc(r)  is the time a particle of path radius r spends moving down 
the free surface of the bed. Combining (3.1) and (A2.3) gives the 
following expression for axial velocity of the bed element at (r, 8r) 
2rwsin9rtan cost 	 (3.2) 
V(r) = _________________ 
28r + wt(r) 
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The volumetric flowrate of this element is obtained by multiplying 
(3.2) by the incremental area of particle path r, 
dA(r) = 2r O r  dr 
which gives 
dq(r) 4r2wsin6 r8 r  tan cosj8 dr 	 (3.3) =  
20r + wtc (r) 
On integration this yields 
d 
q = 4w tan cos 	r2sin9 r_ dr 	 (3.4) 
29r + Wt c (r) 
Where q is the volumetric flowrate of material through the drum and, 
as before, b is the height from the bed surface to drum axis (minimum 
radius of particle paths neglecting cascade layer thickness) since b 
varies with Ox the integral is a function of e,  the filling angle for 
the whole bed at any distance x along the drum axis from the discharge 
end. If the integral is denoted by I(e) then (3.4) becomes 
q = 4w tan # cost I(e) 
	
(3.5) 
The general expression of tanØ for inclined drums has been given 
before in (2.30) (Horizontal drums have (P = 0) 
coscx.dsin$ + tancosS 
(2.30) tan = 
	sind 
when substituted into (3.5) this gives 
q = 4wI(e) cos,$ sinj3 cot 	d 
 (1 + tanq'cot)O) 	(3.6) 
If the definitions 
Y = 4wcotO.d 	 (3.7) 
C = tan/cos °'d 
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are made, and using the identity 
cos,9sin,8 	tan,B/(1+tanô) 	 (2.26) 
(3.6) becomes: 
q = YI(9) / tang \ 1 	+ C 	 (3.8) 
i+tan24 tan,) 
rearranging as a quadratic in tan and extracting the roots yields: 
tan ,$= YI(e) ±JiI(e))2 - 4q(q-YI(8)C) 
2q 
= 	±. /(yie 2 -(i - YcI(e)'\ 	
(3.9) 
2q 	/\ 2qJ 	! 	q 
The negative sign is applicable. As was done in the development of 
(2.23) tan,B may be replaced by RdSineX  d9/dx giving the following 
equation which relates filling angle 9 to distance x along the drum 
from the discharge end 
LE) 	=f i 	\ YI(e\ 
_/(YI(e 2 _(1_YcI(e\1 	(3.10) 
dx Rdsinex J 	2q / .,J \ 2q / \ 2q 	/J 
This is similar in form to (2.34). In this case however de/dx = 0 
when I(&) = qIYC and the calculation of the filling angle for which 
transport may be effected with no change in bed height in downward 
sloping drums is more complex; (3.10) reduces to the form for 
horizontal drums when C = 0. The integration of (3.10) requires that 
the fractional filling at the discharge be known thus providing a 
boundary value for 8,. Integration is then carried out numerically to 
the end of the drum. This process generates a series of x'  x) pairs 
from which the bed surface profile may be calculated using the 
relationship between filling angle and bed height given in (2.12). 
h = Rd('-coseX) 	 (2.12) 
The fractional filling at each point is given by 
fc = (i/li') (8 - (sin2Bx)/ 2 ) 	04'/2 	(2.13) 
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from which the overall filling may be found by integration 
FC = (IlL) 	fc(x)dx 
	
(2.14) 
The determination of discharge end filling is considered in Section 
3.5. At present a model of the particle motion in the surface is 
required since it is necessary to find an expression for the time the 
particle spends cascading on the surface before (3.10) can be used. 
3.2 Particle Motion in the Cascade Layer 
It was anticipated that the expressions presented by Mu and Perlmutter 
[Ml] could be used to describe the particle motion on the bed surface. 
They presented a figure for the general particle trajectory as shown 
in Figure 3.1. 
The postulated motion has three components 
1 	Ejection from the bed in a parabolic trajectory to point of 
maximum height above bed. 
2 	Return to bed surface. 
3 	Motion down surface with initial velocity gained from (2) and 
gravitational acceleration down bed transverse surface slopes of 
with retardation due to inter particle friction. 
Mu and Perlmutter's analysis is as follows. The angles used are shown 
in Figure 3.1. 
The particles are assumed to eject from the surface at a tangent to 
the circular path they follow whilst locked in the bed. The angle of 
exit (in degrees) with respect to the horizontal is thus, 
= lSO_O(cj - 8r 
	 (3.11) 
The particles are assumed to rotate at the same speed as the drum 
whilst locked in the bed thus their initial velocity components in the 
x and y direction are given by 
Vx = wrcos'' 	 v = wrsinl' 	 (3.12) 
57 
Figure 3.1 - Geometry of Particle Trajectory from Mu and Perlmutter [MlJ 
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The time of travel from ejection to maximum height is 
t 1 = 	sin 	 (3.13) 
g 
and the time for return from this height to the bed surface is
wr 	=/sin2f + 4 [cos2 r tan od(tanod+tanr)]  (3.14) i_ j 
In flight the particle has travelled a distance of P where 
= 	r(wr)2 cos 2 f (tano(6 + tanr)1 	 (3.15) 
g L cos od 	 J 
At the point of return the particle strikes the cascade with a 
velocity of magnitude 
V =J'vx2 + (gt2 ) 2 	 (3.16) 
at an angle to the horizontal of 
= tan 1 ( 2 tano(d + tan l) 	 (3.17) 
The impact produces an initial velocity component along the cascade 
surface of 
V cos (6 °(d) 
This initial vector is augmented. by gravity and simultaneously 
retarded by friction with the inclined plane of particles forming the 
cascade surface. The net result is movement through the distance 
(c-P) over the time interval t3 where the implicit solution for t3 is 
given by 
Vcos(6 	 = c-P 	(3.18) 
Where p is the coefficient of inter particle friction in the bed 
surface and c is the distance travelled transverse to the drum axis by 
a particle while cascading. This has been considered by Mu and 
Permutter as equal to the chord length joining the entrance and exit 
points of the radial element from which the particle has just 
emerged. 
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This is one of the limitations of their analysis, if the distance of 
particle travel in the bed surface is considered equal to that 
travelled transverse to the drum axis alone the distances c and P 
will be too short. This could be corrected by replacing c and P 
with c/cosØ and P/cosg6. As can be seen from (2.30) however any 
expression for cosØ will involve some function of the angle,,, thus,B 
will become explicit in the right hand side of (3.10). This would 
require that an iterative solution for be carried out at each step 
of the numerical integration of (3.10) significantly increasing the 
amount of computer time required to effect the integration. This 
added effort was thought unwarranted since the error in cascade 
length will be small for small bed surface slopes and factors such 
as the accuracy of determination of angles CKd, d and in particular 
the coefficient of friction  are likely to have a more pronounced 
effect on the value of t3. In addition the difference between d' 
the bed surface slope in transverse section and the true angle of 
descent of particles along the drum has been neglected. 
According to Mu and Perlmutter then, the time spent on the surface 
of the bed is equal to t1 + t2 + t3. An examination of (3.11) 
however shows that even for the higher end of commonly reported CK d 
values (Odd = 40 ° ) the angle 'f' is greater than 90 ° for values of O r  
Up to 50 0 . If Or  is set equal to 8 this means that for fillings up 
to 12% (fc = 0.12) particles are ejected "up" the bed surface in 
direction opposite to the flow of the cascade layer. This motion 
would certainly be predicted for the experiment reported in Part 1 
of Mu and Perlmutter's report [Ml] (°d = 35 &x = 50 ° fc = 0.12). 
In Figure 3.1, a tangent drawn to any of the radial paths as they 
meet the upper surface of the bed clearly shows this upward 
direction of the initial trajectory, yet the inference in Mu and 
Perimutter's figure is that the trajectory "bends back" on itself 
and heads down the slope. The upper limit of filling for which this 
motion would be predicted by (3.11) will increase for lower values 
Of C<  d• Such motion has never been observed and suggests that the 
equations of Mu and Perlmutter do not accurately model the 
"fracture" or "slipping" process which forms the cascade layer at 
speeds much less than the critical speed. The contribution of t1 
and t2 to the time spend on the bed surface have therefore been 
neglected along with the distance P associated with the parabolic 
rise and fall. This leaves the following modified version of (3.18) 
from which the cascade time t3 may be found. 
V cos (6 - o(d)t3 + 5(sino.d_ycosxd)t32 = c 	(3.19) 
The coefficient of t3 in (3.19) is an expression for the initial 
velocity of a particle on the bed surface and is the component of 
the return velocity from a parabolic rise and fall which acts down 
the slope. Mu and Perlmutter state that, at relatively low 
rotational speeds the parabolic flight may take only a negligible 
time interval; however the first term of (3.19) must still be used 
to account for the initial velocity on the cascade. This may not be 
the case especially if the cascade layer is farmed by a process of 
continuous slippage. In this instance the initial velocity down the 
slope will be zero. In order to determine the effect of an initial 
velocity on the cascade (3.10) was integrated incorporating (3.19), 
both with and without the coefficient of t3, to predict the filling 
in various drums. The value of c, the distance travelled in the  
transverse direction, was that which has been used in all model 
building up to now 
c = 2r sin O r 	 (3.20) 
(another option is considered in Section 3.3). For simplicity no 
inter particle friction on the bed surface was assumed thus 	was 
set equal to zero. 	The discharge end filling from which the 
integration of (3.10) commences was determined as described later in 
Section 3.5. The results are shown in Figure 3.2. Both 
experimental and literature data have been used these are documented 
in Appendix 4 Tables A4.1, A4.2 and A4.3. It can be seen that 
there is no significant advantage in either 
assumption other factors having a more pronounced effect on overall 
accuracy. It was decided therefore to neglect any initial velocity 
on the cascade surface, for relatively low rotational speeds this 
was certainly thought to be more intuitively correct. The final 
form of the equation for the time spent on the cascade surface is 
thus 
t3 	f 2c 
'I g(sincxd_ycos 60 (3.21) 
The determination of the value of ,p, the coefficient of inter 
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H Data Tables A4.1 
o No initial velocity. 
+ Initial velocity included. 
• 	 . 
/4. 
Various drum sizes, slopes arid speeds. 
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Experimental f'i II ing 17. oF total drum volume) 
Figure 3.2 - Effect of initial cascade velocity on filling prediction 
M. 
3.2.1 Coefficient of Surface Friction 
Mu and Perlmutter give no indication of how to find y, the 
coefficient of interparticle friction in the cascade layer. Back 
calculation from their results [M2] shows however that they 
consistently used a value of 0.5. Rather than proceed with this 
seemingly arbitrary figure the following expressions were considered 




This assumes no surface friction and should be applicable if 
surface friction forces are negligible. This value was 
adopted by Rogers and Gardner [R4] who also considered 
the time a particle spends on the surface as an explicit 
component of the total particle cycle time. They assume the 
time on the surface as equal to that required for sliding 
down a frictionless slope ofC<dwith no initial velocity 
((3.21) with p equal to zero). Rogers and Gardner required an 
expression for cycle time for incorporation in the 
solution of the uniaxial dispersion model. 
The expression for the coefficient of inter particle 
friction for a stationary cone of material is 	= tano4 5 , 
where o( the static angle of repose is the angle of the edge 
of the cone makes with the horizontal. The equivalent 





This turned out to give much too high a value for p and 
using this assumption the coefficient of t3 2 in (3.19) 
becomes negative for values of 36 ° . Use of (3.23) was 
therefore abandoned. 
Since the tumbling motion in the cascade layer is made up of 
slipping and rolling of individual particles, the 
coefficient of friction for the transition from slipping to 
rolling of a sphere on an inclined plane of slope °d  was also 
considered. This is as follows 
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= tan cxd/3.5 
	
(3.24) 
The derivation of this expression for a cylinder is presented 
by Jaeger [J2]. For a sphere, it simply requires that the 
appropriate moment of inertia be used in his expression. 
Spheres were selected as being the best approximation for most 
bulk granular materials. 
All of the preceding expressions for the coefficient of inter 
particle friction on the cascade surface have the effect of 
increasing p as the dynamic angle of repose increases. This 
seems perhaps unreasonable since any increase in 0d  is the 
result of an imposed external torque on the bed and is not a 
reflection of an increased ability on the part of the particles 
to hold themselves at this angle due to an increase in p. It 
was thought therefore that linking the coefficient of 
interparticle friction to the static angle of repose may be 
more appropriate. 	To this end the coefficient for the 
transition between sliding and rolling on an incline equal to 
the static angle of repose was also considered viz: 
1L1 = tano'C 5/3.5 
	
(3.25) 
This implies that no matter what dynamic angle of repose 
results from drum operating conditions, once free flowing on 
occurs 
the surfacethe coefficient of inter particle friction is 
constant for a given material. 
One other angle which it was thought might be appropriate to 
incorporate into expressions such as (3.21) or (3.22) in place 
of the dynamic angle of repose was the internal dynamic angle 
of repose as observed by Franklin and Johanson [F4] (1955). 
This is the angle of the plane along which the particles 
re—enter the bed from the cascade layer (see Figure 3.3). 
Franklin and Johanson studied the flow of material through a 
circular orifice. They used an enclosed drum of small aspect 
ratio and considered the internal dynamic angle to be 
representative of the angle of shear between fast and slow 
moving particles which "cone" towards an orifice. 
Particle 







Plane at which 
particles change direction of motion. 
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Figure 3.3 - Internal dynamic (kinetic) angle of repose 
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Franklin and Johanson produced a correlation for internal 
dynamic angle of repose against static and surface dynamic 
angles. This was for drum speeds up to 8% wc  and various 
materials, the internal dynamic angle was observed to be less 
than the static angle of repose. As Franklin and Johanson 
point Out their correlation is of limited applicability. This 
and the comparative difficulty in measuring internal dynamic 
angle of repose as opposed to surface dynamic led to the 
setting aside of the former for use either to determine the 
coefficient of surface friction or as a direct replacement for 
the dynamic angle of repose throughout the model. 
There are now three remaining expressions for the coefficient of 
surface friction (3.22), (3.24) and (3.25). An example of the 
effect of each of these expressions on the ability of the model, as 
represented by (3.10), to predict drum filling is shown in 
Figure 3.4. As would be expected there is an increase in predicted 
filling as the coefficient of friction increases from zero to the 
value calculated from the static angle of repose and on to that 
calculated using the dynamic angle of repose. This reflects the 
fact that as the coefficient of friction increases the average 
particle velocity on the surface will decrease, thus the calculated 
bed cross sectional area must increase to maintain the given 
volumetric flow rate. - 
In this instance the experimental results shown in Figure 3.4 and 
given in Table A4.4, Appendix 4 are best fitted using the assumption 
of no interparticle friction, the average magnitude of deviation 
from experiment being 3.9%. The figures for the expressions using 
static and dynamic angles of repose are however only 0.4 and 0.5% 
greater than this similar magnitudes of deviation between calculated 
values using each of the expressions were found for all the 
experimental data. When all of the available experimental data .s 
taken into consideration however, it was found that (3.25) gave a 
better fit overall. This was therefore used in (3.21) and the 
resulting expression below for the time spent cascading on the bed 
surface was incorporated into the theoretical model and used in all 
further work. 
= 	 (3.26) 


























Model prediction with 
I. 	p = 
p = on(a5)/3.5 
p=O 
X 	Experimental points. 
Data : Table A4.4 
0.0 	0.5 	1.0 	1.5 	20 •' 2.5 	3.0 	3.5 	4.0 	4.5 	5.0 0.0 	
Feed rate (g/s) 
Figure 3.4 - Effect of various expressions for the coefficient 
of inter particle friction in the bed surface 
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The finding that the model predicts best for a dynamic system using 
a fixed value of inter particle friction for each material is in 
agreement with the results of an investigation by Augenstein and 
Hogg (1974) [All] in which the coefficient of inter particle fric-
tion was measured for free flow of material on a fixed substrate of 
the same. The coefficient of friction was found to be independent 
of particle velocity and surface slope. The existance of an 
accelerating flow over a range of inclination for powders on a fixed 
substrate was also found in the later work of Knight (1984) [KS]. 
The chord length c, defining the transverse distance covered by a 
particle in the cascade layer is defined in (3.20), the next section 
in this chapter considers a possible alternative to this 
expression. 
3.3 	Particle Path Lengths 
Considered up to this point the derivation of the equations which 
define variation of fractional filling with distance in a rotating 
drum have all assumed that particles re-enter the bed at the same 
radial distance from which they emerged (assumption 4 at the start 
of this chapter). This assumption could only apply to a bed of 
uniform depth as any reduction in bed surface width (as occurs in 
drums with decreasing bed height from inlet to discharge) will 
result in particles re-entering the bed at a radial distance greater 
than that from which they left. This error will be small for small 
bed slopes and computational effort required to eliminate it was 
thought unwarranted when other sources of error in the model and its 
solution were considered. Mu and Perlmutter [Ml] showed that 
another limiting case in which the particles re-enter the bed at a 
fixed distance, equal to half the bed surface width, would also 
result in steady motion of the charge. The transverse distance equal 
to half the bed surface width, covered by a particle in the cascade 
layer is thus constant and given by the following expression. 
c = Rd sin 8 	 (3.27) 
The 	axial 	transport 	distance 	per 	particle 	cascade 	is 
now no longer a function of the particles radial position 
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A Mixed paths assumption. 
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(segregated path assumption) 
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Figure 3.5 - Effect of Segregated vs MlwiI Paths for Particles on Surface 
Me 
If this equation is used in place of (A2.4) and the derivation as 
detailed in section 3.1 is again performed the resulting equation 
for the variation in filling with distance is as follows. 
.x =~dsn"~ 1 	 - YRisin@xI'(Ox 
 2C) dx 	 { 	2q 	JJ\ 	2q 	/ \ 	q 
(3.29) 
where C = tan.P/cosO(d'} 	
(3.30) Y'= 2wcotO< 
r8 rdr 
(3.31) and V(ex ) = 	
d 2er+wtc(r) 
Equations (3.29)-(3.31) can be compared with their "segregated 
path" assumption counterparts (3.10) and (3.7) and the definition 
of I(9)  shown in (3.4) and (3.5). 
The cascade time tc(r) in (3.31) is determined using (3.26) as 
before, in this instance however with cascade length as defined by 
(3.27) as opposed to (3.20). The overall filling is determined 
using (2.13) and (2.14) in conjunction with the (es, x) pairs 
produced by (3.29) as before. 
The fractional filling for the drum used for Figure 3.4 was 
predicted using the assumption of fixed surface cascade paths and 
the results are shown in figure 3.5 and Table A4.5, Appendix 4. The 
fixed cascade length gave consistently higher values for drum 
filling than the segregated path assumption. The deviation 
increased with increasing feed rate. It had been thought that the 
segregated path and fixed cascade path assumptions might provide 
bounds within which experimental data would lie. 
The segregated path assumption however better fitted experimental 
data and further work with the fixed path length model described in 
this section was therefore abandoned. 
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3.4 	Bed Transverse Surface Profile 
As mentioned in the introduction to this Chapter all of the work to 
date has assumed that the bed transverse surface profile is linear 
with a dynamic angle of repose with respect to the drum axis of 
In the work of Hogg et al [Hi] the bed surface was 
substantially deformed at relatively high rates of rotation (67% 
wc), indeed similar surface deformation was been observed in this 
investigation and also by Kramers and Krookewit [Ki] with sand at 
relatively low rates of rotation (-8% wc). The problems introduced 
by a non-linear transverse bed surface profile are considered 
below, first of all however the determination of the dynic angle 
of repose for the many instances in which the assumption of a 
linear profile holds true is addressed. 
3.4.1 Determination of the Dynamic Angle of Repose 
Ideally this angle should be measured directly as was done in this 
investigation but this may often be quite impractical especially 
where large drums are concerned. In this instance the angle should 
be measured on a small scale drum/solid system of the same 
materials rotating at the same fraction of the critical speed to 
achieve dynamic similarity. 
It would be advantageous however to be able to predict the dynamic 
angle of repose. There appear to have been two expressions 
presented to date, one empirical and the other theoretically based. 
The empirical relation of Bachmann [B3] is given below and 
presented in Johnstone and Thring [J3] which was cited as its 
source by Cross [C2] 
cxd = 0 s + w/wc 	 (3.32) 
where 	d and OK s are measured in radians. This expression was 
found to give reasonable results up to around 5% w, beyond this 
the rate of increase in dynamic angle of repose observed 
experimentally was much lower than the 0.6 * /%wc predicted by 
(3.32). This expression was found to over predict for both 
experimental and literature data. The degree of over prediction 
varied depending on the drum/solid system considered and was 
thought to be due to the effect of slip at the drum/solid 
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interface. 	This factor is very difficult to quantify and is 
considered further in the next section on non linear surface 
profiles. 
The only theoretically based expression for predicting dynamic angle 
of repose seems to be that of Suzuki and Tanaka [S7]. In this case 
the solid material is treated as a Bingham plastic and the motion in 
the rotating cylinder considered as creeping flow in a rectangular 
vessel whose walls move in the direction of rotation of the drum with 
the same speed as the drum. The dimensions of the rectangle are 
chosen such that it has the same height as the maximum bed depth and 
a width which gives it the same cross sectional area as the bed. 
Equations for the stream functions along the rectangular boundaries 
are developed and used to solve the expression for the torque 
imparted to the fluid as given by the integral of the shear stress at 
the wall over the wetted periphery. This torque is then equated to 
that imparted by the mass of the bed considered to act on a lever arm 
from the drum axis to its centre of mass. The following expression 
results. 
ogARgsind= 	3Rd(3_3(h/Rd)+(h/Rd) 2 )+2_(h/Rdi(3hL+h2_3LRd)] +RdSr Y01 
(3.33) 
h is the bed depth and g is the gravitational constant. 
2L is the width of the rectangle. R  is the radial distance to the 
bed centre of mass. A is the bed cross sectional area. S is the 
contact arc length between bed and drum, 'r is the yield stress of 
the fluid and p the apparent viscosity of the solid. It can be seen 
that (3.33) defines a linear relation between sinOcd and w. Ty 8.Idp 
are calculated from the intercept and slope respectively. When w=O 
(3.33) reduces to 
sinNd = __d. Yy 	 (3.34) 
,PgARg 
In this situation with the drum stationary OCd can be replaced by O 
and the yield stress determined. It is not immediately obvious, but 
(3.34) for a material with uniform static angle of repose, predicts 
that the yield stress will change with filling in the drum and also 
with the size of the drum used, this can be seen as follows. For a 
drum with a given fractional filling the radius of the centremass 
will be the same fraction f of the drum radius 
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Rg = fRd 	 (3.35) 
The area of the charge will be given by 
A = fcF1' Rd 	 (3.36) 
and the "wetted periphery" by 
S = 2Re, 	 (3.37) 
Where Ox is the filling angle corresponding to a fractional filling 
fc for any drum size. If the degree of filling is the same then f, 
fc, and e, will remain unchanged. If these expanded forms of the 
terms in (3.34) are substituted back into the original the following 
expression results. 
sin O s = 	2e,_ 
fry 	
(3.38) 
0 gfci1'fR j 
is observed to be a constant for any given solid and will have 
the same value in any size drum for a fixed fractional filling. All 
the terms in (3.38) apart from Rd (and consequently 1'y if 0C s is to 
remain constant) would remain unchanged for any size drum with 
uniform filling. Equation (3.38) thus predicts that will change 
with drum size. 
Once a figure for 'Y y has been determined this is used along with a 
drum speed w for which the corresponding angle of repose O( d is known 
to determine ,p, the apparent viscosity of the powder. According to 
the theory this is also dependent on filling and drum size. This is 
inconsistent with the behaviour of a Bingham Plastic and coupled with 
the need for measured data in the above analysis led to (3.38) being 
excluded as a predictor of dynamic angle of repose. 
3.4.2 Non Linear Bed Transverse Surface Profile 
A non linear profile introduces areas of discrepancy between model 
and experiment. The nature of the motion in the bed surface is 
unlikely to be modelled accurately by the equations developed for 
the linear profile. This will affect the model's ability to predict 
the rate of increase in bed height through the drum. Even if the 
rate of increase in mean bed height is predicted, the model computes 
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filling by integrating the area under a linear bed surface and would 
require a knowledge of the surface shape to compensate for other 
profiles. 
The problems of dealing with a geometry other than linear for a bed 
transverse surface profile has either been ignored by those 
concerned with transport through rotating drums or else an effective 
linear profile and dynamic angle of repose have been assumed. The 
latter has much to recommend it in that it requires no modification 
of the transport model, it does however introduce a degree of 
arbitrariness since an effective dynamic angle of repose is more 
difficult to define. It may be possible to define it as that which 
gives the same bed cross sectional area as the deformed bed surface, 
but this again requires that the shape can be predicted at least for 
geometrical manipulation if not for modelling the motion. 
Bed surface shape has been considered for batch devices such as 
rotating drum mixers and ball mills [02, K6, H4] all of which 
generally operate with much higher fillings and rates of rotation 
than drums in which transport is effected. The earliest work was 
carried out by Davis (1919) [D2] who determined the locus of points 
for which particles of different radial paths were in equilibrium 
under the influence of centrifugal and gravitational forces (the so 
called "Davis Circle"). He plotted parabolic trajectories with 
initial vectors tangential to the particles radial path. There was 
assumed to be no slip between particles or between particles and the 
drum wall. The resulting equation required that particles be 
carried 	up 	past 	the 	x-axis 	(if 	the 	centre 	of 	the 
drum is considered as the origin) before commencing a return 
trajectory, 	irrespective of 	filling or particle 	frictional 
properties. Barth (1930) [B4] extended the work of Davis by 
considering particles at the surface to be in equilibrium between the 
forces due to gravity, rotation and inter-particle friction (but all 
particles are assumed to rotate at the same speed as the drum). The 
derivation as presented by Rose and Sullivan (1958) [R6] is unclear 
but the final equation for the "equilibrium surface" has been widely 
used by those investigating rotating drum mixers [H4, K6], it takes 
the form 
4Pbtanoc S 
Rb = Cb e 	 (3.39) 
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Where Cb  is a parameter which is related to the degree of filling in 
the mill and Rb and q' are polar coordinates of a general point on 
the surface. The origin for the polar coordinates is situated a 
distance g/w2 above the centre of the drum which is in fact the 
diameter of the Davis circle. Though this equilibrium surface exists 
the particles are still required to penetrate the Davis circle before 
projection can occur. 
The work of Henein et al (1983) [H5, H6] on the transverse motion of 
solids in rotary kilns was concerned primarily with the phenomena of 
slipping and slumping which occur at relatively low rotational 
speeds. Their data shows that such motion progresses to a rolling 
motion at speeds greater than 5% w except in the case of very low 
bed/wall friction for which bulk bed slipping lasts much longer. 
They did consider 'cascading' but defined this as occurring when the 
bed surface, with a linear surface profile projected into the 1st 
quadrant. Their model is based on bulk bed rotation and requires 
many empirical measurements - once 'cascading' is established they 
consider the particles to adopt parabolic trajectories. 
Since none of the above adequately represented what was observed to 
happen in this investigation in which curved bed surfaces were 
present for very low fillings an attempt was made to derive a force 
balance for particles at each point of their journey while locked in 
the bed. It was hoped to include the effects of slip between 
particles and the wall and between each other and thus determine the 
nature of the locus of points at which particles cascade down the 
surface. The force on any particle tangential to its radial path is 
proportional to the normal force upon it. If slip exists the normal 
force will vary as the particle rotates with the drum and is subject 
to varying depths of particles above it. This indicates that an 
iterative solution, in which a surface profile is assumed and 
subsequently confirmed or not by a point to point force balance is 
required. The added computational effort and complexity was thought 
unwarranted when there existed the possibility of accounting for non 
linear profiles by some measurement which might be made on the 
experimental system. As discussed in Chapter 5 Section 5.1, this has 
not been possible and the prediction of bed surface profile is worthy 
of further attention. 
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3.5 	Modelling of Drum Discharge Both Open and Constricted 
The development in the preceding sections of an expression for the 
time a particle spends cascading on the surface allows attention to 
be focussed on determining the filling at the discharge end which is 
all that remains to be found before (3.10) may be integrated. 
Previous methods for determining discharge filling in open ended and 
constricted drums are discussed in Chapter 2. For constricted 
discharge drums the discharge end filling has been determined solely 
by empircial correlation [A4, Hi]. For open ended drums however one 
theoretical solution has been presented in which the expression for 
volumetric flowrate through a rotating drum as developed by Austin et 
al [A3] was rearranged to give filling angle as the independent 
variable. This expression was then minimised by using the remaining 
'free' variable bed surface slope /6 . For horizontal drums the 
minimum filling arises when,B = 450 (this was shown previously though 
the working was not given, by Austin and Flemmer [A2]). 
It seems unlikely that all beds will discharge with an angle between 
their surface and horizontal of 450 since most bulk materials have 
static angles of repose well below this figure and any dynamic effect 
might be expected to reduce rather than increase them. If then, the 
bed is assumed to collapse at the discharge end at its static angle 
of repose (as was also suggested by Saeman) a discharge filling may 
be determined as follows. 
Figure 3.6 shows the proposed discharge. geometry in which the bed 
collapses Out of the discharge end down a slope of angle, E, to the 
drum axis. For horizontal drums E will be equal to the static angle 
of repose CK. . and for inclined drums it will equal X s minus the 
slope of the drum (E = o - U)). In both cases the bed surface axial 
slope with respect to the drum axis,,8, is equal to E. The discharge 
'slope' is of course hypothetical since the material will fall under 
the effect of gravity upon leaving the drum. It is assumed however 
that the initial velocity on this 'slope' will be representative of 
that with which the solid leaves the drum. 
The bed surface slope,,B , has been the independent variable in the 
volumetric flowrate expression thus far, which has been used to 
determine the relationship between filling and distance along the 
drum. If /3 is now specified at the discharge end another variable 
may be selected from the volumetric flowrate expression and this will 
MIMR 
Figure 3.6 - Side elevation of drum discharge showing bed surface 
discharge at angle o( to the horizontal 
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enable the filling at this point to be determined. Returning to the 
expression for volume flow as given by (3.6) with (I(e) written Out 
in full, 
q = 4cossinftcotOd (1 + 
Rd 2 
tanq7cot,j) 	r sinerer 
CoSO(d/J 28 r+wtc (r) 
dr 	(3.40) 
The independent variable is now chosen to be b, the lower limit of 
integration of I(e). With a known flowrate through a drum and a 
specified ,i, (3.40) can be solved for b and the discharge end filling 
then determined from 
8x = 	
(b/R) 	 (3.41) 
In a constricted discharge drum it was thought that it might be 
appropriate to consider the bed height at the constriction equivalent 
to that which would exist at the discharge end of a drum of uniform 
radius equal to that of the constriction. 
The method of determining discharge end filling described above is 
again applicable, in this instance however the constriction radius, 
RC * is used as the upper limit of integration in (3.40). The value of 
b.determined is again combined with the drum radius, Rd, to determine 
the discharge end filling angle using (3.41). 
3.6 
	
The limiting filling case 
Limiting filling in which transport may be effected with no change in 
bed height has been considered generally in the early part of 2.1. 
This phenomenon can only occur in inclined drums. The solution of 
(3.10) for limiting filling conditions will now be considered for 
both open ended and constricted discharge drums. 
3.6.1 Open ended drums 
The solution of the differential equation for filling is quite 
straightforward in this case. Limiting filling for which de/dx = 0 
can be seen from (3.10) to occur if I(e x) = qIYC, which in full is 
I
I 	
r sinerer dr = qsin( 	 (3.42) 
2Br t c (r) 
Jb 
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This can be solved for b and the value of limiting filling angle 
lalim determined using (3.41). 
Since for open ended drums the discharge end filling is the lowest 
in the drum numerical integration of (3.10) in increments of ex  will 
always approach &lim  from below thus the integration can be carried 
out close to elim  (the integral is indeterminate for 9 = eijm) and 
from the point along the drum at which this occurs up to the drum 
inlet can be considered to have uniform filling of angle 8lim• An 
open ended drum with limiting filling is thus composed of two 
regions as shown in Figure 3.7. The cumulative filling up to eli m 
is determined using (2.13) and (2.14) as before and the filling over 
the rest of the drum using (2.13) with 8 = elim. Each "filling 
section" is then multiplied by the fraction of the drum length over 
which it applies and the results summed to give the overall filling 
in the drum. 
3.6.2 Constricted discharge drums 
The solution of (3.10) for constricted discharge drums is 
accomplished by numerical integration starting from a discharge 
filling which is found as explained in Section 3.5, subsequently if 
a limiting filling is approached as the bed builds up along the 
drum, the procedure for open ended drums in the same situation is 
adopted. The problem arises for drums whose constrictions are such 
that they force the discharge end filling to be higher than the 
limiting filling for the drum. This results in bed profiles as 
shown in Figure 2. 6 curves b and c. 
Since Kramers and Krookewit [Ki] there has been no literature 
dealing with the prediction of holdup in inclined constricted 
discharge drums from a theoretical basis. They took what is 
essentially a simplified form of (3.10), derived on the basis of a 
less rigorous model than that described in Section 3.1 and used it 
above the limiting filling value. This requires that the 
integration variable be reduced from the known value at the 
discharge toward the limiting filling value which is thus approached 
from "above'. It seems inappropriate to use equations based on the 
assumption that bed height reduces from feed to discharge with 
respect to the horizontal, to solve for a situation in which bed 
height increases towards the discharge end. This is reflected in the 
fact that Kramers and Krookewit's agreement between theory and 
experiment is worst for this situation. In order to rectify this 
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apparent gap in the theoretically based prediction of drum filling 
the following analysis for inclined drums with discharge end fillings 
greater than the limiting filling for the drum was developed. 
Though the motion behind a constriction is undoubtedly more complex 
than that considered up to this point, the bed profile is simple in 
form and analogous to that which would occur for a liquid flowing 
from the feed to discharge end of the stationary drum. It seemed 
appropriate then to consider the discharge mechanism to be unaltered 
in this situation, thus allowing the discharge end bed height to be 
determined as described in 3.5, and then to determine the filling 
from geometrical considerations alone. 
Once the discharge end bed height has been determined it is assumed 
to remain unchanged with respect to the horizontal on moving up 
the drum. This height will either meet the limiting filling bed 
height at some distance x along the drum (figure 2.6b) or reach the 
inlet of the drum before doing so (figure 2.6c). In both 
instances the distance along the drum, x, to which the 
horizontal surface line extends is given by 
X = ( Hd - Hlim)tan'4' 	 (3.43) 
Where Hd is the bed beight at discharge found from the solution of 
(3.40) with Rc as upper limit of integration and Hum  is the height 
of limiting filling in the drum found by solving (3.42) for b, (H = 
Rd-b). Once x is determined it can be used to determine whether 
profile 24b (x'L) or 24c (x'L) is appropriate. If there is 
limiting filling alone over part of the drum (2.6b) then the 
calculation of filling in the drum is split into two parts. The 
filling in the conic section is determined by integrating the filling 
equation over the range in filling angle delimited by Md  and Hlim as 
outlined by (2.12), (2.13) and (2.14). The latter will apply from o 
to x in this instance. The remainder of the drum has uniform filling 
found using (2.12) with = 81im• The total filling is found by 
multiplying the two components by the fraction of the drum length 
over which they apply and summing their respective contributions. In 
the case of the whole of the drum being occupied by a bed in the form 
of a conical section then (2.12), (2.13) and (2.14) are applied over 
the whole drum length, the inlet bed height being determined by 
solvifig for Hu m with x = L in (3.43). 
Feed 
I 
I 	 II 	 I 
j increasing 	 I 
Uniform filling section. 	 bed height. 
)ischarge 
Figure 3.7 - Open ended drum in which limiting filling is attained 
part way up the drum 
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3.7 	Internal Constrictions 
Internal constrictions are considered to split the drum up into 
sections which can be dealt with as individual drums. The discharge 
end filling is thus determined as previously discussed and (3.10) is 
integrated until the x coordinate matches the distance in from the 
discharge end of the location of the first internal weir. At this 
point the bed height over this weir is determined as for the 
discharge constriction, if this height is less than that already 
reached by integration of (3.10) then the latter is used, otherwise 
it becomes the starting point for integration from here to the next 
internal weir. This procedure is repeated until the drum inlet is 
reached at which point the filling in each section is multiplied by 
the fractional length of that section and summed with the other 
values to give the overall filling in the drum. If limiting filling 
occurs in any of the drum sections delimited by weirs then this is 
dealt with as for a limiting filling drum which has been discussed. 
3.8 	Sumiiary 
The equations which have been developed in this chapter are based on 
the model of the solids motion in rotating drums as postulated and 
first mathematically analysed by Vahl [V2] and Saeman [S2]. 
Earlier workers were limited by mathematical approximations 
introduced to simplify both the development of equations describing 
the solids motion and their subsequent solution. Later workers 
removed most of these limitations but still retained a constant of 
proportionality for the time a particle spent cascading on the 
surface which had to be determined by fitting the model to a variety 
of experimental results. In addition, for constricted drums, the 
boundary condition at the discharge end which is needed for the 
solution of the equations of motion was determined empirically. Both 
of these requirements have been removed in this chapter, the model 
has no longer any need for fitted constants. It still remains 
however, as for any fluid or solid conveying system, that the 
physical properties of the conveyed medium be determined. Of these 
the interaction of the bulk solid/drum system as reflected in the 
dynamic angle of repose is the most difficult to ascertain and to 
meaningfully represent within the model. The problems associated with 
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measuring this property, the errors introduced by slip at the drum 
wall and deformation of the bed surface have been considered in this 
chapter and are further discussed in Chapter 5. 
In addition to removing existing empirical limitations the assumption 
in the model that particles re-enter the bed at the same radial 
distance from which they left was investigated and shown to give a 
better description of the motion than an alternative in which 
particles re-enter the bed after travelling a fixed distance down the 
cascade surface. 
A general solution for determining the height over a weir has been 
developed in this chapter. This and the fact that it is no longer 
necessary to fit constants for the model has allowed a general 
solution technique for drums of any size with one or more weirs at 
any point along their length to be developed. The solution is 
effected using a digital computer, the flowsheet for this process is 
given in Figure 3.8. 
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Experimental Equipment and Technique 
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Introduction 
This chapter gives details of the experimental methods and equipment used in 
this investigation. Section 4.1 deals with measurements associated with the 
bulk solids used. Techniques for measuring bulk density and angles of 
repose are discussed along with their associated errors. Feed systems for 
the rotating drums are considered in Section 4.2. Section 4.3 discusses 
the experimental drums employed, their detailed design and drive system are 
described in 4.3.1 and 4.3.2 respectively. The method of discharged solids 
collection and sampling is given in section 4.4. Finally the experimental 




Determination of the Properties of the Bulk Solids 
The bulk solids used for flow—through experiments in this 
investigation were Grade 3 Glass Ballotini and Grade 15 Garside 
sand. Particle size distributions are given in Appendix 5. The 
other physical properties of interest for these materials are as 
detailed below. 
Bulk Density 
The bulk density for the materials was measured using a 250 cm 3 
measuring cylinder and a known mass of bulk solid. For Ballotini 
the test weight was 400 grams and for sand 350 grams. The solid was 
introduced to the cylinder through a funnel and the volume occupied 
was noted. The cylinder top was then covered and the cylinder 
slowly inverted then replaced, this allowed the solid to adopt 
alternative packing configurations. The process was repeated until 
the mean and limiting values for bulk density were established (10 
inversions were adequate). The errors associated with the weight 
and volume measurements were less than 1%. The variation due to 
packing gave the following results for bulk density. 
Ballotini 1.78 g/cm3 ± 6% 
Sand 	1.47 g/cm3 ± 
4.1.2 	Static angles of repose 
The static angles of repose were measured using the "tilting box" 
and "natural fall" methods. For this a perspex box as shown in 
figure 4.1a was constructed. This was pivoted along one end and 
rested upon a laboratory scissor jack which had been modified so 
that the box's point of support was tangent to a cylindrical bar to 
ensure a smooth motion as the box was raised. The "tilting box" 
method as its name suggests involved slowly raising the free end of 
the box until slip occurred at the free surface. At this point the 
angle of inclination of the box was measured and taken as 
representative of the material's static angle of repose (see figure 
4.1b). The base of the solid containing box section was made of 
rough porous sintered metal plate, this and the plenum chamber 
beneath it was incorporated in the box design in anticipation of the 
need for information on the variation of static angle of repose with 
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Figure 4-la — General dimensions of static angle of repose measuring device 
WTP4CTR 
Figure 4.1b Tilted box after surface sup has occurred 
Figure 4.1c Profile of charge after 810W withdrawal of moveable wall 
fluidisation or air flow through the charge. 	In the event this 
variation was not investigated. 
The "natural fall" measurement of angle of repose utilised the 
movable wall shown with handle in figure 4.1a. The box and its 
enclosed solid charge were levelled and then the movable wall was 
steadily withdrawn until no further collapse of the charge occurred 
(see figure 4.1c). The angle of the free surface to the horizontal 
was taken as a measure of the material's static anile of repose. 
There was no difference in result for both of the above methods when 
using ballotini. This had a value for the static angle of repose of 
24.50 ± 0.5 0 . This is in keeping with Train's [TI] observation on 
the angle of repose of spherical particles. For sand however the 
"box tilt" method gave a value of 350  for O and the "natural fall" 
method 34 ° , the value for sand was taken as 34.5 0 . 
4.1.3 Dynamic angle of repose 
This is widely recognised to be very difficult to measure with solid 
material issuing from the discharge end of a drum, the most 
accessible point for measurement. It was decided therefore to 
measure dynamic angle of repose indirectly using a photographic 
technique. For this the use of video with its ease of processing 
and "on line" analysis was adopted. 
Two scales were arranged parallel to the front face of the drum, one 
on each side of the discharge opening. The video camera was aligned 
so that the scales bounded the edge of the picture on the monitor 
and the centre of the screen was occupied by the mid point of the 
bed surface. This configuration allowed a straight edge (a thin 
strip of paper) to be placed across the screen in line with the 
image of the bed surface. This edge extended beyond the drum walls 
in the picture and intersected the scales on either side of the 
discharge constriction (figure 4.2). The scales were calibrated in 
centimetres and the difference between the points of intersection 
gave a value for the 'y' coordinate which when combined with the 
known distance between the two uprights, 'x', allowed the dynamic 
angle of repose to be determined from the inverse tangent of ylx. 
The potential for parallax error was minimised by using two parallel 
perspex plates etched with a 1 centimeter square grid (figure 4.3). 
These were placed at the discharge point on the drum drive table and 
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Figure 4.2 - Configuration of drum discharge, vertical scales and paper 
measurement strip on video monitor 
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Figure 4.3 - Parallax test grids 
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by selecting the grid lines which covered the area which would be 
occupied by the bed surface the camera could be arranged so that the 
horizontal and vertical lines on the front plate exactly obscured 
those on the back plate in the region of interest. 
During an experiment once the system was running at steady state the 
motion at the discharge end was recorded for a period of 
approximately twenty seconds and the run number added to the surd 
track. Noting the position on the tape counter allowed the data to 
be readily extracted from the recording at a later stage. The 
maximum error in the measurements used to determine the 
trigonometric ratios was ± 1.5% arising for the lowest angles 
measured. Over the filling ratios used in this investigation a 
sensitivity analysis showed that variations of up to 10% in °d  had 
a maximum effect on the magnitude of the filling of 40% of the 
magnitude of variation in 0d•  Thus the error in 0d  measurement 
will affect the computed filling's value by ± 06% at most. 
4.2 	Feed Systems 
Two methods of feeding bulk solid material to the rotating drum were 
employed. In the first a small vibratory feeder was used. This was 
found to require a constant head of solid in order to achieve 
uniform feed rates. A constant head was maintained using two 
concentric cylinders. The inner fed the vibratory feeder directly 
while being topped up itself with a flow rate of solids greater than 
that removed from its base. The surplus cascaded over the top and 
back to a reservoir from which the circulating flow was taken using 
a compressed air "riser" arrangement (figure 4.4). It was also 
found that a cylindrical discharge nozzle gave steadier feed rates 
than the standard "chute" supplied with the feeder. For this a unit 
which had previously been fabricated for feeding pigments was used 
(figure 4.5).. The system overall, shown in figure 4.6, had an upper 
feed rate limit of 5 g/s beyond which the cylindrical discharge 
became choked. Rather than attempt to modify the system and enlarge 
Its bulk material capacity it was decided to use a screw feeder 
which allowed much larger feed rates (limited only by the gearing to 
the drive shaft) and included a large capacity feed hopper (figure 
4.7). This unit was coupled to a variable speed gearbox and gave 
uniform feedrates over the whole range of rotational speeds. 
Uniformity of feed rate was considered achieved if the feed system 
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Figure 4.4 Recirculating solids flow arrangement for maintenance of 
constant head above vibratory feeder 
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Figure 4.6 - Photograph of overall vibratory feeder system 
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Figure 4.7 Arrangement of screw feeder 
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a fixed time (in this case 1 minute) did not vary in weight outside 
the bounds of experimental error associated with the measurement 
technique. The latter was around 3.5% decreasing with increasing 
feed rate as the fixed error in weighing became less significant 
with increasing sample size. 
4.3 	Drum and Drum Drive 
The objectives in designing this system were to provide the ability 
to drive drums of various dimensions over a wide speed range and 
various inclinations. To this end a drum drive table able to 
receive drive and locate the discharge end of different drums was 
constructed. The drums themselves were constructed to minimise the 
degree of table adjustment required. 
4.3.1 Drum Design 
The drums were constructed using PVC tubing. 	The tubing was 
machined to ensure that the bore was uniform and of irately known 
size. It was decided to run the drums on "roll rings' similar in 
concept to the "tyres" on commercial kilns, these were arranged to 
be the end flanges of the drums. The discharge end flanges also 
provided the means of varying the discharge opening. They were made 
removable and each had a central hole machined as shown in figure 
4.8. The flanges were sufficiently thick to ensure rigid support of 
a fully loaded drum. As it was desired to have a thin discharge lip 
the central hole was essentially countersunk into the thick flange, 
the resulting taper assisted solid discharge without bouncing on 
what would otherwise be a ledge. The flanges were all machined to 
uniform diameter and fixed to the ends of the drums using screws. 
For experiments with internal constrictions a drum was fabricated 
which consisted of two halves joined together using flanged faces. 
One flange was made "proud" of its associated drum wall face. This 
allowed discs with central holes of varying diameter to be inserted 
into the recess (figure 4.9) to form an internal weir on the joining 
of the two drum halves. 
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Figure 4.8 Details of drum construction and end flanges 
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Figure 4.10 General arrangement of drum drive table 
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The dimensions of the drums and constrictions used were detailed at 
the point of presentation of the results obtained from them in 
Chapter 5. 
4.3.2 Drum Drive Table 
This was made from a rectangular section of chipboard. Two slots 
were cut into apposite ends and metal slide beds were inserted. 
This allowed the bearing housings for the drum roller shafts to be 
adjusted to cope with drums of varying width (figure 4.10). Each 
corner of the drive table was fitted with a height adjusting screw. 
These were used, along with a clinometer, to set the slope of the 
table and thus the slope at which the drum would operate. The drum 
was held in position axially using two thrust bearings which could 
be located one on either side of the rear flange of the drum. 
The drive shafts were made of 4.8 cm diameter rubber coated hollow 
aluminium tubing. End pieces with central shafts of 1 cm diameter 
connected the hollow shafts to the bearings within the housings 
attached to the drive table. One small diameter shaft was extended 
through its bearing housing and a vee belt pulley was attached to 
its protruding end. This pulley was coupled with another fixed to a 
variable speed gearbox and motor assembly. The latter was mounted 
on scissor jacks to accommodate the vertical displacement of the 
drive shaft when the drum drive table was inclined. 
The drum drive system was located in a "Dexion" framework which also 
housed the feed and collection systems. The four points of contact 
between the drive table and the frame were hemispherical impressions 
machined from flat aluminium alloy bars which received the rounded 
points of the jacking screws. These bars were rubber mounted a' n'd 
provided virtual mechanical isolation of the drive table from the 
frame. By measuring the rate of rotation of the drum drive shaft 
and of the drum itself using a digital tachometer it was possible to 
confirm that the speeds varied by the ratio of their radii and thus 
there was no slip between the rubber coated rollers and the drum 
flange. 
4.4 	Solids Collection 
Once discharged from the end of the rotating drum the solids fell 
onto a high sided sheet metal chute which led down at an angle of 
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Figure 4.11 - General arrangement of solids discharge and collection 
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450 from the drum for 20 cm. 	The chute led into a wide necked 
funnel through which the solids were led vertically down to a large 
volume basin. Sufficient space was left at the discharge of the 
funnel to allow a sampling beaker to be inserted for collecting 
solids over a fixed time period. The general arrangement is shown 
in figure 4.11. 
4.5 	Experimental Technique 
The following section details the experimental procedure used when 
determining the fractional filling in a drum of any given 
configuration. 
Once the particular drum which was to be investigated had been 
assembled from the various bodies and discharge flanges available it 
was placed on the drive table and the rollers adjusted to ensure 
positive drive to the drum. The latter was checked by selecting the 
required rate of rotation on the motor's gearbox and then measuring 
the rotational speed of the drive rollers and of the drum using an 
optical tachometer. 
Once the configuration of the drum and drive system was established 
attention was turned to measuring the dynamic angle of repose. The 
distance between the vertical scales on the roller end bearing 
housings was measured and noted. Next the parallax grids were 
placed at the mid-point between the rollers with the front face in 
the plane of the drum discharge. The camera could then be  
positioned so that the lens was in line with and parallel to the 
discharge of the drum. The drum was next replaced on the rollers 
and the discharge chute and feed chute connected. The final stage 
of preparation was to note the relative humidity and temperature in 
the laboratory. 
An experiment was started by setting the drum In motion, the feed to 
the drum was next started. After the bed level in the drum had 
built up and the flow of solid from the discharge had become 
established the discharging solid was collected over I minute 
intervals. When the weight of three consecutive samples was in 
agreement within the bounds of experimental error the system was 
considered to be at steady state. At this point a video recording 
was taken over a fixed time interval with the details of the run 
simultaneously dubbed and a note made of the tape counter settings. 
Once this had been carried out the feed to the drum was stopped at 
the same time a plug was placed in the funnel at the base of the 
discharge chute. This procedure was adopted in an effort to avoid 
the error which would arise if the discharge was stopped at the same 
time as the feed by switching off the drum. The drum would not come 
to rest immediately and would continue discharging during this "run 
down" period. 
The material contained in the drum and plugged funnel was then 
weighed and the filling in the drum calculated using the measured 
bulk density of the material. 
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CHAPTER 5 - RESULTS AND DISCUSSION 
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Introduction 
This chapter examines the model's predictive ability; its performance for 
various drum configurations, solid materials and operating conditions is 
analysed. Both experimental data from the literature and those obtained 
using the equipment described in Chapter 4 have been used, (the results are 
presented graphically and on each graph is the number of the table which 
contains the results and experimental details pertaining to the figure is 
given. The tables are collected together in Appendix 4.) 
Attention was initially focussed on the mathematical modelling of the motion 
and its implementation on the computer. To this end it was expedient to use 
experimental results from the literature. The limited amount of suitable 
data and lack of properly reported physical properties led to the initiation 
of an experimental program. The results of this were intended to both 
complement and verify those already found. No attempt was made to provide a 
comprehensive empirical anaylsis of the relationship between hold—up and 
drum operating conditions as this had already been achieved in the 
experiments of Abouzeid and Fuersetenau [A4]. The aim was to provide a 
quantity and quality of data which would confirm that the model followed the 
observed patterns and allow the accuracy with which this was achieved to be 
determined. 
The first section in this Chapter deals with the variation in filling with 
feed rate, this includes subsections on the effects of slip at bed/wall 
interface and the effect of different bulk materials. Sections 5.2, 5.3 and 
5.4 deal with variations in filling with drum speed, inclination and 
discharge opening respectively. Section 5.5 considers internal weirs and 
5.6 the dimensionless comparison of results. The final section provides an 
overview of the results in Chapter 5. 
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5.1 	Variation of Fractional Filling with Feed Rate 
The general behaviour observed experimentally and predicted by the 
model in which the filling increases with increasing feed rate was 
as had been found previously [A4, Hi]. Initially the data of 
Abouzeid and Fuerstenau [A4] and Karra and Fuerstanau [1(3] were used 
to test the model's ability to predict fractional filling. An 
example is given in Figure 5.1 in which Abouzeid and Fuerstenau's 
Figure 3 is reproduced along with that predicted by the model. 
Abouzeid and Fuerstenau considered that the relationship was linear 
"except possibly at the very low feed rate (below 0.5 g/sec in this 
system) where the rate of increase of hold—up appears to decrease 
slightly as feed rate increases." Despite this statement Figure 8 
in Abouzeid and Fuerstenau's paper shows the same data as in their 
Figure 3, this time as one of a family of curves, for drums of 
different inclinations, all of which show a decreasing rate of 
increase of filling with feed rate. The curve is again presented in 
their Figure 9 where it has once more a region of rapid increase in 
filling with feed rate followed by a region of constant slope. A 
region of relatively high rate of increase of filling with feed rate 
followed by a much larger region in which the rate of increase is 
constant but lower was predicted by the model for all filling versus 
feed rate data. The angles of repose for Abouzeid and Fuerstenau's 
bulk solid (35 x 48 US mesh Dolomite) were not given and the dynamic 
angle has been taken from a later investigation into residence time 
distribution [AlO] carried out on the same system. The static angle 
of repose for 14 x 20 US mesh Dolomite was reported by Karra and 
Fuerstenau [1(2] and has been used. it should be noted that [A4] 
defines fractional filling as the fraction of the drum volume, minus 
the volume of a "core cylinder" with the radius equal to that of the 
discharge constriction, which is occupied by the solid bed, though 
this is never stated explicitly. 
As mentioned in Chapter 2 Abouzeid and Fuerstenau used Hogg et al's 
equation (2.35) to calculate overall filling in the drum. This 
equation is particularly sensitive to the value of discharge end 
filling fc(0). None of the groups suggested in [A4, A5] when used 
with the method outlined there was found to give values of fc(0) 
anywhere near the given experimental points. This is surprising 
since they report only small deviations between experiment and 
theory using the values of the fitted constants given. This could 
not be confirmed and thus no theoretical" curve from this work 
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included. 	The equations of Hogg et al [Hi] for constricted 
discharge horizontal drums are inapplicable here as the constants 
they contain have been fitted for drums rotating at much higher 
speeds. 
In Figure 5.1 the initial 	., 	 rate of increase in filling with 
feed rate is due to the need for the bed to build up a "driving 
head" between outlet and inlet. This becomes established over a 
relatively short feed rate range and thereafter increasing the feed 
rate results in a uniform addition to bed depth over the drum, the 
average axial bed surface slope remaining unchanged. The model 
accurately predicts the slope of the constant rate section for 
Abouzeid and Fuerstenau's data. 
The similarities between the apparatus of Abouzeid and Fuerstenau 
[A4] and Hogg et al [Hi] are evident in Table 2.1. A drum of 
similar dimensions was also used in this investigation. End plates 
were constructed which matched the constriction to drum radius ratio 
of Abouzeid and Fuerstenau and matched the largest in the range of 
Hogg et al. To achieve dynamic similarity the drum was rotated at 
the same fraction of its critical speed as previous investigations. 
Figure 5.2 shows the variation of fractional filling with feed rate 
for both discharge end constrictions. The experiments were carried 
out over a much wider feed range than used by Abouzeid and 
Fuerstenau, their curve is included in the figure and will be used 
when discussing the dimensionless comparison of results in Section 
5.6. Here again the model predicts regions of different slope with 
a short transition range joining them. 
Comparison of the slopes of the model prediction and the results 
from the experimental drum suggest that at lower feed rates the 
postulated mechanism of motion accurately matches the bed behaviour, 
as feed rate increases however the bed appears to pass material more 
rapidly than is predicted by the model. This is considered to be 
due to slip between the wall of the drum and bed and is discussed 
below, this topic was also considered when examining non linear bed 
profiles in Chapter 3. 
5.1.1 	The Effect of Slip at the Wall of the Drum 
Hogg et al [Hi] and Abouzeid and Fuerstenau [A4] were concerned with 
the movement of solid beds in unflighted drums as in this 
investigation, they did however have longitudinal lifters fitted to 
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Figure 5.1 Comparison of Model with Data of Abouzeid and Fuerstenau [A4] 
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of eight lengths of 1/16" steel wires and for Abouzeid and 
Fuerstenau eight semi-circular cross section bars of 0.3 cm 
diameter. These lifters take up 3.3% and 3.8% of the drum radius 
respectively, much less than the fraction taken up by flights which 
is usually a minimum of 10%. Indeed the purpose of the lifters was 
not to carry up and shower particles through the drum cross section 
but to minimise slip at the wall and ensure "proper flow". It was 
recognised that such devices would have an effect, however small, on 
the motion of particles beside them when these particles were just 
about to cascade (see for example the photographs in Mu & Perlmutter 
[M2]), and so they were not used in this investigation. The drums 
initially available were made of plain PVC tubing as described in 
Chapter 4. The motion of the charge in these drums appeared steady 
and comprised the two sections of bulk bed movement and cascade 
layer expected. It was anticipated that the main effect of any slip 
at the wall would be reflected in the dynamic angle of repose and 
suitably accounted for in the model by the variation of this 
parameter. 
There is indeed a variation in dynamic angle of repose of the beds 
in the drums with differing discharge constriction. The drum with 
the larger filling had an average dynamic angle of repose of 28 ° 
while the lesser filled drum had only 24.2 ° . It appears at first as 
though the model has responded to this difference appropriately and 
a good overall match is obtained for both cases. If however the 
shape'of the curves is examined another effect of slip for which the 
model does not compensate becomes evident. 
The lower curve of Figure 5.2 had an average value for o. a of 24.2 ° 
and the experimental values were randomly distributed about this 
mean. The magnitude of deviation has been considered in Chapter 4. 
The experimental points on the upper curve however had an increase 
of 1.5 ° in °d over the feed rate range. This resulted in it having 
more of a continuous decrease in slope over its range. The 
observation that an increase in C(d in this instance resulted in a 
decrease in filling is contrary to what is predicted by the model. 
This can be seen as follows. The equation which defines the angle 
at which a particle rolls down the surface of a bed is given below 
for horizontal drums 
cos OC sin 18 
tan 	= 	 d 	" 	 (2.20) 
sin (,d 
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As is shown in the derivation in Appendix 2 the axial advance Per 
cascade is proportional to (tan 0 cosft ). Thus if o<d increases, 
ft must also increase to maintain the same axial advance per cascade 
and so the model predicts that for a fixed feed rate the hold-up in 
the drum increases with increasing °<d 	The need to increase 
will be offset by the decrease in cycle time which will result from 
particles cascading down a steeper slope, the model however predicts 
that overall, the effect of increasing O( d' all other factors 
remaining constant, is to increase drum hold up. 	The opposite 
behaviour observed experimentally is thought to have the following 
explanation. 	As the feed to the drum is increased there is a 
corresponding build up in bed depth. 	If there is bed/wall slip 
present in the system the increased depth of material will tend to 
reduce its effect and narrow the velocity difference between the 
drum wall and particles adjacent to it. This also results in an 
increase in dynamic angle of repose but contrary to the further 
increase in bed depth which the model predicts as necessary to 
maintain throughput the reduced cycle time is compensation enough. 
The model assumes that all particles locked in the bed move with the 
same speed as the drum wall and considers changes in C< a as due to 
changes in material properties rather than drum/solid interaction. 
Any attempt to quantify the degree of slip is difficult due to the 
variation of the forces along the bed/wall contact arc as discussed 
in 3.4.2. In an effort to minimise the effect of slip the drum was 
lined with sandpaper, this had greatest effect on drums with low 
filling and the effect on the lower curves of Figure 5.2 can be seen 
in Figure 5.3. The sandpaper caused the ballotini to adopt a steeper 
slope with an average angle of repo se of 27.2 ° . Using this value 
the model predicts higher fillings than for the 24.2 ° slope of the 
unlined drum. Empirically however the filling was observed to 
decrease. Despite the divergence of the model and experiment as the 
motion in the drum is made to approximate the model's "ideal" more 
closely the agreement is still good. 
107 
















Figure 5.2 Variation in Fractional Filling with Feed Rate for 
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Figure 5.3 Variation in Predicted and Observed Filling Between Lined and 
Unlined Drums 
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The nature of the material will affect the degree of slip at the 
wall and may also introduce other effects as described below. 
5.1.2 	Comparison of Sand versus Ballotini 
Prior to lining the drum with sandpaper the experiments whose 
results are shown in Figure 5.2 were repeated using sand as bulk 
material ( /0 = 1470 kgni 3 , O( s = 340) The results are shown in 
Figure 5.4 with the ballotini curves included for comparison. The 
hold up is much larger for sand which is consistent with the fact 
that it has a much higher static angle of repose than ballotini. 
The effect of slip, as reflected in the dynamic angle, is the 
opposite to that observed for the ballotini. The effective dynamic 
angle of repose (angle of repose was difficult to measure due to bed 
surface distortion) was observed to decrease as filling increased. 
Briscoe et al [B5] used fragmented silicates of a similar size range 
in their investigation and noted that for this material the 
increment of frictional coefficient (the ratio of frictional force, 
measured via torque readings on a rotating drum, to particle weight) 
produced by each particle-wall contact was "not very sensitive to 
the load on that particle". Since as filling increases the bed 
volume increases more rapidly than bed/wall contact area, the fact 
that the torque "transmission efficiency remains constant results 
in the drum supporting the bed at a lower dynamic angle of response. 
The ballotini particles were of a much larger size than the sand 
and very smooth. In situations in which slip is present (unlined 
drums) an increase in bed volume also increases the coefficient of 
bed/wall friction due to its locking the particles more tightly 
together, preventing inter particle slip and rotation. 
One further area of contrast between sand and ballotini in their 
behaviour in a rotating drum is in the nature of their transverse 
surface profile over the whole range of conditions investigated. 
For Ballotini there was some "deformation" at high rotational speeds 
(greater than 50% wc ). One or two layers next the wall were carried 
past the point of intersection of the bulk bed surface line and the 
drum wall. It is likely that the round smooth nature of the 
Ballotini does not provide sufficent inter particle friction to 
allow the bed surface to become grossly deformed by the "carry 
past", to a lesser and lesser extent, of particle layers 
progressively nearer the centre of the drum as was observed for 
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Figure 5.4 Variation of Fractional Filling with Feed Rate. Comparison of 
Sand and Ballotini 
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Figure 5.5 Effect of Dynamic Angle of Repose on Model Prediction 
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Figure 5.6 Additional Holdup (Shaded) at Zero Feed Rate Due to Bed Surface 
Deformation 
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profile which is sometimes reported in the literature and which has 
been mentioned in Chapter 3. Such a profile makes it difficult to 
determine an effective angle of repose. In addition since the model 
as it stands computes overall filling by integrating point fillings 
along the drum length which are calculated on the basis of a linear 
profile it cannot hope to match the filling in a drum which has a 
deformed bed surface over the whole feed rate range. This is 
illustrated in Figure 5.5 in which the experimental sand curve is 
shown along with the model curves calculated using the upper dynamic 
angle of repose exhibited by approximately the upper half of the 
cascade layer, the lower dynamic angle of repose exhibited by that 
portion of the cascade layer in which the particles re-enter the bed 
and the average of the two. It is immediately evident that the 
point of maximum discrepancy between predicted and actual filling is 
for the case of zero feed rate. At this point the model computes 
the filling by assuming no axial bed surface slope and a linear bed 
surface profile which is tangential to the circular discharge 
opening, the filling may then be found from geometry. The nature of 
the deformation is such that it will allow a portion of the bed to 
be tangential to the discharge opening while maintaining an 
additional "hold up" above the tangent line as shown in Figure 5.6. 
Since this extra hold up is not accounted for by the model a dynamic 
angle of repose which causes the model to match the rate of increase 
in filling with feed rate results in a constant difference between 
theory and experiment as in the lower curve of Figure 5.5. 
Without altering the theoretical model, all that can legitimately be 
adjusted is dynamic angle of repose and as can be seen in the upper 
curves of Figure 5.5 this may indeed improve the overall agreement 
between theory and experiment over the range but at the expense of 
accuracy in matching the rate of increase of filling with feed rate. 
Underprediction at low feed rate and over prediction at higher rates 
was reported by Kramers and Krookewit [Ki] who also used sand and 
noted a deformed surface profile. Predicting the nature and 
occurrence of a deformed surface is far from simple and though the 
model copes to some extent using angle of repose further work is 
required to improve its accuracy for this situation. The majority 
of the results discussed below are for ballotini in a sandpaper 
lined drum for which the transverse bed surface profile was linear. 
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5.2 	Variation of Filling with Drum Speed 
For a horizontal drum with fixed feed rate Abouzeid and Fuerstenau 
[A4] noted three distinct regions in the variation of filling with 
drum speed. Up to 15% wC  there is a sharp decrease in filling, 
thereafter it remains essentially constant until around 45% w 
where it increases. Their curve is shown in Figure 5.7 along with 
curves computed using the model with fixed dynamic angle of response 
and also using equation (3.32) which predicts an increase in 0d 
with drum speed as follows: 
= O( s + w/wc 	 (3.32) 
It can be seen that with an unvarying dynamic angle of repose the 
effect of increasing drum speed in the model is to produce a 
decrease in filling the rate of which also decreases as drum speed 
increases. 
Abouzeid and Fuerstenau did not report any value for 0<d  in their 
paper and gave no indication of any variation with speed. The fact 
that the dynamic angle of repose does vary with speed has been 
observed experimentally. Equation (3.22) does not accurately 
predict the observed angle of repose beyond around 5% w. When 
included in the model however it does indicate that a continuous 
increase in CKd with drum speed eventually counteracts the effect of 
the drum speed on axial velocity and produces an increase in filling 
with increasing speed. This is the cause of the increase observed by 
Abouzeid and Fuerstenau at higher speeds. The effective dynamic 
angle of repose was increased and there was an increasing 
contribution to hold up from a progressively deformed bed surface as 
the particles tended towards cataracting (motion in which particles 
are carried almost completely round with the drum wall before 
detaching and showering through the open area of the drum cross 
section). Filling decreases with increasing speed at low drum 
speeds because as drum speed increases so too does the rate at which 
particles are carried to the point from which they cascade down the 
surface. This, for a fixed feed rate, allows the axial distance 
traversed per cascade to be reduced which is achieved by lowering 
the axial bed surface slope resulting in a smaller bed build up from 
discharge to inlet. The decrease in filling continues until a 
minimum filling for the given feed rate is attained. The filling 
then remains essentially constant over a range of increasing speeds 
until the progressive deformation of the bed surface at higher 
speeds takes effect. 
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Abouzeid and Fuerstenau showed that as drum inclination increased so 
too did the rate of decrease in filling at low drum speeds. Figure 
5.8 shows the fractional filling versus drum speed curve for an 
inclined drum for which the variation in angle of repose with speed 
was recorded. The model using these values follows the empirical 
curve quite closely. The region of largest deviation between the two 
is in the low feed rate range, this was also a region of larger 
discrepancy in Figure 5.7. The rapid decrease in filling with drum 
speed in these regions means that even If the slope of the curve Is 
well matched slight displacements of the curve on the x axis result 
in large discrepancies between observed and predicted filling. Not 
only is the decrease in filling more rapid for inclined drums It 
also endures for longer with increasing slope. This is due to the 
fact that for inclined drums the fixed axial slope imparted to the 
bed by the drum can allow the bed surface slope with respect to the 
drum axis to reduce to zero. This allows the decrease in filling to 
progress further for inclined drums than for horizontal. The 
decrease is more rapid since, for similar reductions in axial bed 
surface slope a greater proportion of the bed volume is removed for 
inclined drums. 
The rate of increase in filling at higher speeds is observed to 
decrease with increasing drum inclination. This is explained when 
it is considered that for a horizontal drum cataracting particles, 
are carried up the drum wall in a path which is transverse to the 
drum's longitudinal axis and during free flight back to the surface 
of the bed they maintain this attitude and thus do not travel 
axially. In inclined drums however the distance travelled with 
respect to the drum's axis during the free flight of a particle 
which has been lifted, again transverse to the axis, contributes to 
the solid's transport through the drum. 
The ability of the model to match the variation in filling with drum 
speed is best in the region of approximately constant filling 
between 15 and 50% of the drum speed. At the lower end of the speed 
range the effects of any error introduced by slip or bed deformation 
will be most pronounced due to the rapid change in filling. Above 
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Figure 5.8 Match Between Model and Experiment for Increasing Drum Speed 
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Figure 5.9 Comparison of Model with Experiment for an Inclined Drum 
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5.3 	Variation of Filling with Drum Inclination 
The variation of filling with feed rate and drum speed which have 
been considered in the preceding sections are all modified to some 
extent as drum inclination increases. The effect of drum 
inclination on the variation of filling with drum speed was 
discussed in Section 5.2. The effect of inclination on the 
variation of filling with feed rate is shown in Figure 5.4. Over 
most of the feed range the curves are similar in slope and shape. 
There is however a difference in behaviour at the lower feed rates. 
This is because of the inclined drum's ability to transport material 
with a bed height which is less than the discharge constriction 
height which has been discussed previously in 2.2 and 3.2.6 when 
considering "limiting filling" in inclined drums. The net effect is 
that as feed rate is reduced, from a point at which the bed was 
required to increase in height from discharge to feed end to a point 
at which the maximum bed height required is below the discharge 
constiction, the curve of filling versus feed rate reduces as for a 
horizontal drum. It then passes through a transition point and 
reduces much less rapidly due to the introduction of hold up behind 
the weir which is in addition to that necessary for transport. The 
fillings for the situation in which the discharge lip is higher than 
the maximum required bed height are determined by geometry as 
described in Section 3.6.2. 
The main effect of an inclination is to allow the bed to transport a 
given flowrate of material with a much lower depth of material than 
for a horizontal drum passing the same flow. Figure 5.8 shows the 
model's ability to match the observed effect on filling of inclining 
a drum with fixed feed rate. 
5.4 	Variation in Filling with Discharge Opening 
The relationship between filling and discharge opening for a 
horizontal drum with fixed feed rate, running at 27% w c  is shown 
using the data of Karra and Fuerstenau [K3] in Figure 5.10. This 
shows a good agreement between literature and theory bearing in mind 
that the angles of repose for this system have been gleaned from 
more than one source and the magnitude of deviation varies with feed 
rate. There is an approximately constant percentage deviation 
between the curves over the range. Included in Figure 5.10 are two 
points for the constrictions used with the small drum in this 
investigation, these are also for a horizontal drum rotating at 28% 
w. The rate of decrease in filling is similar to that observed for 
the literature data but the match between theory and experiment is 
better. 
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5.5 	Drums with an Internal Weir 
As discussed in Chapter 3, the model deals with an internal weir by 
considering the main drum to be composed of two smaller drums, one 
with discharge at the end of the whole drum and inlet the internal 
constriction, the second is considered to have its discharge as the 
internal constriction and inlet that of the main drum. This is 
readily extended to the case of multiple weirs. 
Flow in an internally constricted drum can result in three separate 
situations viz the bed height an the discharge side of the internal 
constriction lies below, just matches or is greater than the height 
necessary for transport across the lip. Table 5.1 shows the results 
of experimental and model prediction for each of these situations 
for an extended version of the previously used drum rotating at 8% 
w in the horizontal position. These conditions gave good 
correlation between theory and experiment thus any error introduced 
by the asustnpt ion concerning the internal weir should be evidenced 
by differences in accuracy of filling prediction between discharge 
and Inlet drum sections. The drum dimensions are given in the form 
length x diameter x discharge diameter x internal constriction 
diameter 
The Internal weir was located 24.5 cm from the discharge end, the 
drum was unlined PVC. 
TABLE 5.1 
Fillitgs(%) 
I 	 I 
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I 	 I (g/s) I Inlet 	I Discharge I 	I Inlet I Discharge I I 
Section I Section I Overall I Section I Section Overall I 
I I 




I 	22.6 	I 11.0 
I 	I 










I 	30.8 	I 17.9 
I 	I 




















The longitudinal bed profiles for the above experiments were drawn using the computed results and 
are shown in Figures 5.11, 12, 13. 
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The bulk material was sand, density 1470 kgm3 	d 34.5 ° . 	The 
dynamic angle of repose for 8% w was not significantly different 
from the static value. 
In all three cases the assumption that the internal weir merely 
introduces a bed height boundary condition which may or may not be 
significant appears vindicated by the agreement between theory and 
experiment. 
5.6 	Dimensionless Comparison of Results 
The curve of Abouzeid and Fuerstenau [A4] was included in Figure 5.2 
for comparison with the results of this investigation. The drums 
were only slightly different in size, the one used in this 
investigation had a 10% shorter length and 18% larger diameter 
but both drums had the same fraction of their discharge area 
constricted and were rotated at the same fraction of their critical 
speed. The differences between the literature data and the present 
work are quite marked, the literature curve has a much steeper slope 
and extends over only a fraction of the feed rate range. If however 
the curves are plotted using the dimensionless feed rate parameter 
-%K as abscissa, (as defined by Abouzeid and Fuerstenau [AS]) Figure 
5.14 shows that both drums are operating over a similar range. The 
ability of the parameter 1 to place results for drums of different 
dimensions on a common base is further illustrated by Figures 5.15 
and 5.16. These figures use data generated by the model for two 
drum diameters with different body lengths. Both have the same 
fraction of their discharge constricted and are rotating at the same 
fraction of their critical speed. When the filling is plotted 
against feedrate the curves for different drum diameter and 
different L/D lie in separate regions of the graph space (Figure 
5.15). If however the parameter 'y is used the curves for different 
diameter but same L/D become coincident. There remains however a 
distinction between curves of varying LID. This is contrary to the 
figures presented by Abouzeid and Fuerstenau [A5] in which the 
curves for all L/D are coincident and the relationship between 
feedrate and filling is presented as linear. The drums used there 
spanned a relatively small L/D range of 2-6 and in their Figure 2 
there is an evident discrepancy between points for L/D=2 and the 
others. Very few of the curves presented include points which span 
the L/D range. It has proved impossible to back calculate from 
figures in the text to find out what feed rate range was used. All 
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attempts result in answers orders of magnitude too large. If however 
the range reported in a previous paper using drums of similar 
dimension [A4] is used then Abouzeid's data would extend as far as 
the line shown on Figure 5.16. With such a short LID and range it 
can be seen how a linear relationship with all L/D points coincident 
could be achieved. It is obvious however that 
= 	 FL 
CotQ(d p 
wD+  
cannot be used as a universal scale up parameter as claimed by 
Abouzeid and Fuerstenau. An improved correlation was found using 
the following expression for 
O.75 
-4r= 	 F 
	
(L 
Cot O( pwD3 
The effect of defining q in this way can be seen in Figure 5.17. 
It is evident from the shape of the upper curves in Figure 5.15 that 
it will not be possible to find a parameter IT  which will allow all 
the curves to be coincident over their whole length. Figure 5.17 
shows greatest discrepancy for low L/D drums at high fillings. 
Abouzeid and Fuerstenau noted that their predictive ability 
diminished as drum size and LID increased, they recommended that the 
largest available drum be used to fit the constants for their model 
to ensure accuracy at larger sizes. This illustrates again the 
advantage of the model developed in this work in its ability to 
predict drum behaviour over a wide range of operating conditions 
without being "tied" to constants fitted using experimental scale 
equipment. 
5.7 	Summary of Discussion 
It has been shown that the wholly theoretical model derived in 
Chapter 3 correctly predicts the nature of the relationships between 
filling and feed rate, drum speed, inclination and dimension for 
constricted drums both horizontal and inclined. This is a 
considerable improvement over previous wholly theoretical models. 




















Figure 5.14 Comparison of Literature and Experimental Data from Figure 5.2 
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Figure 5.17 Comparison of Data from Figure 5.16 Using Modified 
Dimensionless Parameter 
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The accuracy of the predictions has been identified as being 
influenced by the extent to which slip between the solid bed and 
drum wall exists. This is particularly difficult to quantify from 
first principles. 
The model's ability, to cope with drums containing an internal weir 
has been established and it had been used to indicate that a 
dimensionless parameter previously accepted as allowing drums of 
various dimensions to be compared is only applicable over a very 
limited range. The requirement for dynamic similarity and similar 
fractional area constricted remains unaltered but a revised grouping 




CONCLUSIONS AND RECOMMENDATIONS 
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Achievements 
The main objective of this work has been to acquire an understanding and to 
develop a model of the motion of solid particles inside an unflighted 
rotating drum. This would enable the filling and bed profile for drums both 
horizontal and inclined, with or without constrictions at any point along 
their length to be predicted. In particular it was the intention to produce 
a model based on the fundamental properties of the solids without parameters 
whose value has to be determined by "best fitting" to a series of 
experiments. This model would thus have a much greater range of 
applicability and greater ease of use than hitherto. 
This objective has been achieved and the model matches empirical data to 
within 15% over a wide range of operating conditions. Situations for which 
agreement is worse can be identified in advance when components of bed 
motion which the model does not accurately describe are present. This 
approach was not possible hitherto as areas in which the mathematical 
description of the motion is inaccurate were compensated for or masked by 
the constants and expressions in previous models which were fitted to 
experimental data. 
In addition to achieving the main objective of this work, advances have also 
been made in the following areas: 
1 Modelling the Effect of Constrictions 
The current model allows the height above an annular constriction at any 
point along a drum to be predicted. This value could previously be 
predicted, for discharge constrictions only, and then only by empirical 
correlation. 	Previous work is also limited to considering only 
constricted discharge drums which are horizontal. 	The present model 
can deal with annular constrictions within both horizontal and inclined 
drums. Solutions for inclined constricted drums in which "limiting 
filling" exists are also provided. 
132 
2 Scale Up 
The model can be applied to drums of any size. It is not restricted by 
having parameters fitted from small scale equipment. In addition it 
has been shown that previously suggested scale up parameters are only 
useful for comparing drum data on a dimensionless basis over a limited 
range of conditions. The current model has been used to derive a 
modified scale up parameter allowing comparison of drum data over a much 
wider range of operating conditions. 
Limitations 
Two areas which affect the agreement between the model and experiment are:- 
The occurence of a non linear bed surface profile, and 
The occurance of slip at the bed/wall interface. 
The first of these violates the first assumption on which the model of 
motion is based viz the bed cross section has a flat surface. 
Previous models could attain a reasonable match with experiment by 
suitable choice of empirical constant. The current model requires 
that the occurrence of bed surface deformation and the motion which 
results be fundamentally explained. Initial attempts to describe them 
using an effective dynamic angle of repose have met with limited 
success and further work is required. Non linear bed surface profiles 
can arise at very low drum speeds (less than 10% wc) for some 
drum/solid systems. For these the model should be used with care, 
most however begin to deform at speeds greater than 50% wc; this is 
recommended as the upper limit of applicability for the current 
model. 
The occurrence of slip at the bed/wall interface affects the accuracy 
with which the model calculates particle cycle times. Various 
expressions for the effect of interparticle friction on surface 
velocity have been examined and optimised as have expressions for 
surface cascade lengths. When locked in the bed however the particle 
is simply assumed to move with the same velocity as the drum. The 
presence of slip may be identified, for example in systems whose rate 
of increase in filling with feedrate decreases as feedrate increases, 
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its effect is however influenced by operating conditions, primarily 
the degree of filling. This can lead to variation in the accuracy of 
prediction as operating conditions change. The ability to account and 
compensate for this is seen as an important area for future extension 
of this work. 
Further Fundamental Work 
One possible solution to the problem of describing bed surface deformation 
would be to carry out an incremental face balance on a particle as it moves 
around the drum and thus calculate its position at all times in its cycle. 
An initial study of this method indicated that it would be computationally 
complex. Pursuit of this approach would also require that the second 
limitation discussed above, the tribology of the system, be more. thoroughly 
investigated and described. 
Development and Use of the Model 
The solution technique for the model, stepwise numerical integration of the 
equations of motion along the drum length, lends itself to incorporating 
changes in parameters with distance. Further development of the model 
should not be restricted therefore to refining those aspects of motion which 
are not fully described at present but should also look to incorporate the 
wider phenomena of varying physical properties with distance which can arise 
from the effects of reaction, gas evolution and heat transfer. Models of 
these could be built into the framework provided by the model of solids 
motion in a rotating drum. 
Conclusion 
A general model for the motion of solids inside an unf lighted rotating drum 
with one or more weirs along its length has been developed. The use of a 
computer has allowed the mathematical description of the motion to be more 
detailed than hitherto. The model matches empirical data to within 15¼ over 
a wide range of operating conditions. Areas for which agreement is worse 
can be identified in advance. 
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Appendix 1 
Derivation of the equation for volumetric flow rate in a rotating drum 
proposed by Saeman. 
Saeman [S2, S3] developed the following equation for the axial advance of a 
particle whilst rolling on the surface of the bed in an inclined drum. 
s = c(tan 1 + tang coso(d)/sino(d 	 (Al-1) 
Where s is the axial transport distance per cascade, c is the transverse 
distance covered by a particle whilst rolling on the surface, equal to the 
length of chord connecting the entrance and exit points of radial element 
from which the particle has just emerged (see Figures 2.2 and 3.1) and 8 is 
the angle between the surface of the bed and the drum axis. The equation is 
also later used by Kramers and Krookewit [Ki] in their model development. 
Saeman simplifies Al-1 further by approximating tan P and tan,8 by their 
radian angles. For horizontal drums 'P = 0 and (A1.1) reduces to 
s = c tan 
1B  cot c'( d 	
(Al -2) 
which is the equation used by Vahl [V2] in the derivation of his results as 
reported by Vahl and Kingma [V3]. For an Inclined drum with uniform bed 
depth throughout ,8 = 0 and (Al.1) becomes 
s = c tan 'P /sin ,(d 	 (Al.3) 
This is a relatively simple geometry to verify (see Appendix 2) yet in 
addition to simplifications previously mentioned in the main text Pickering 
et al [P1] have incorrectly expressed s as 
s = c sin Y' /sin o.d 
	 (Al .4) 
Though this will not have a significant effect for low values of drum 
slope. 
It should be noted that equation Al-1 does not define exactly the axial 
distance covered per cascade but in fact the distance travelled in the 
surface of the bed. This could be corrected by multiplying by cost to 
relate the surface advancement to an equivalent distance along the drum 
axis. In all probability however this correction was deliberately omitted 
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to reduce the complexity of the resulting eauations, a prime objective in 
pre-digital computer days. Equations A1.1 and A1.2 are thus only accurate 
for small values of ,B as noted by Vahi and Kingma. 
The time spent locked in the bed is calculated per revolution of the drum. 
The number of cascades for any radial element per revolution are defined 
as: 
NCR = 'rr/e r 	 (Al .5) 
where O r  is half the angle subtended at the centre of the drum for any 
radial position r (Figure 2.3). 
If the rate of rotation N (rpm) is multiplied by the number of 
cascades/revolution the time per cascade is given by: 
= N,r/e 	 (A1.6) 
The axial tranport velocity v(r) = s/' is thus given by: 
v(r) = cN7r(tan4J + tan,B coso) 	 (Al.7) 
sin o( d ° r 
at this point the equation may be simplified for low filling uniform bed 
depth drums (fi = 0, °r 	c/2r, r 	Rd)  as previously discussed in the main 
text and be used as denominator with the drum length to obtain a mean 
residence time. For larger fractional fillings (Al.7) is extended to a 
volumetric basis by multiplying both sides by the incremental area 
associated with the radial path r. 
dA = 2rêrdr 	 (Al.8) 
Equation (Al.7) multiplied by (Al.8) and simplified gives 
v(r)dA = 	27'(rcN(tan 91 + tan,8 cos 	dr 	 (Al.9) 
sin 
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c may be expressed as a function of the path radius by: 
C = 2(r - b2 ) 	 (AI-10) 
where b is the distance from the bed surface to the drum axis, assumed equal 
to the minimum radius of any particle (neglecting the thickness of the 
cascade layer). Thus (Al.9) becomes: 
	
2 	2 
v(r)dA = 	4IYN(tan4i + tanft cos c, d)(r b ) z.r dr 	(Alli) 
sin c'( d 
The average volume ;tric flowrate is now obtained by integrating the above 
from r = b to r = Rd giving: 
47YN (tanyi 
3 	\ 
+ tan 	cosLXd ' (Rd2 - 
sin M d I 
b2 ) 3 '12 	(AI - 12) 
This is equation (2.9) of the main text. 
137 
Appendix 2 
Using the notation of Figures 2.2 and 2.3 the derivation of equation (2.19) 
as presented by Hogg et al [Hi] is given below. 
During one circulation of the bed a particle moves from A to C along the 
bed surface. If the distance moved along the drum axis is denoted by s it 
is clear that 
s = 1(x) tan 4 cosfl 	 (A2. I) 
where 1(x) is the width of the bed surface at distance x along the drum 
axis. 
Equation A2.1 is not completely correct because as the bed surface slopes 
downwards it decreases in width and the point at which a particle at the 
bed edge re-enters the bed at the wall will be closer to the centre of the 
drum. BAC is not therefore a right angle, the error introduced assuming 
that it is however, will be small for small , and significantly smaller 
than that introduced by terms included in the final expression for 
feedrate. 
Hogg et al develop the derivation as follows: 
Considering the motion of particles in the transverse plane, it is apparent 
that particles must enter the surface region at all points along the upper 
half of this plane. Similarly particles are being removed from the surface 
region at all points along the lower half. Furthermore to maintain the 
steady motion of the charge all particles must, on the average, re-enter the 
bed In the same radial element from which they emerged. Consider particles 
in some radial element at (r,e).. Each of these particles must move a 
distance 1(r) in the surface region where they undergo an axial displacement 
s(r) given by 
s(r) = 1(r) tan ç cos,8 	 (A2.2) 
But from the geometry of the system, 1(r) = 2 rsln8r 
so that 
s(r) = 2r sin O r  tan 	cosfl 	 (A2.3) 
1 3 
If it is assumed that the time spent by each particle in the surface region 
is negligible compared with that spent in the bed itself, the time 'r taken 
for one complete circulation can be determined from(r) = 26 r /w, where w is 
the angular velocity of the cylinder. A similar result can be obtained 
through the use of the less restricting (but more arbitrary) assumption that 
the-total circulation time is proportional to the time spent in the "static" 
region of the bed. In this case, the circulation time is given by: 
(r) = 28(r)/Bw 
	
(A2.4) 
where B is an unknown constant. 
Since particles in the element at r receive an axial displacement s(r) in 
timeY(r), the axial velocity v(r) of these particles is given by: 
v(r) = s(r)/r(r) 
Substitution for s(r) and'r(r) from equations (A2.3) and (A2.4) respectively 
yields: 
v(r) = 	w Br sin 9  tan 	cos8 	 (A2.5) 
Or  
The volume axial flow rate dq(r) of particles at r is dq(r) = v(r)dA, 
where dA is the cross-sectional area of the element given by dA(r) = 2 re rdr, 
so from the ecuation (A2.5): 
d9(r) = 2Bwr2 sin O r  tan 	cos9 dr 	 (A2.6) 
Since cos 8r = b/r, where b is the perpendicular distance between the 
surface of the charge and the centre of the cylinder, equation (A2.6) can be 
rewritten as: 	- 




The overall volume flow rate q is obtained from: 
Rd 





 isthe radius of the cylinder. Integration gives: 
	
2/3wBRd3( 1 	b2 
)3/2 	tan 	cos3 	 (A2.9) 
 
The auantity b/Rd  is related to the "filling angle" 8, defined as half the 
angle subtended, at the centre of the cylinder, by the intersection of the 
surface of the bed with the shell, through the relation cos 0 = b/Rd. 
Hence: 
= 2/3wBRd3 sin 	tan 	cos,8 
	
(A2 10) 
For steady state operation, the mass flow rate across any transverse section 
must be constant and eua1 to the feed rate of particles Into the cylinder. 
Thus the mass flow rate F of particles is given by: 
F = 2/31Pb R 3 d 
Sid 	tan cos,,8 
	
(A2. 1 1) 
wherefb is the bulk density of the feed material. 
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Appendix 3 
Development of the Equation for the Angle which gives the Line of Steepest 
Descent for a particle Cascading on the Bed Surface 
Consider first the simple case of a drum with uniform bed depth along its 
length. In being carried from its initial point of entry, A, to its point 
of exit, B, from the bed the particle is lifted in a plane perpendicular to 
the drum axis a distance h 1 (see Figure A3.1). 
h1 = 1 SiflOd 	 (A3.1) 
where 1 is the chord length connecting entrance and exit points for one bed 
circulation. Since the drum is inclined at some angle to the horizontal 
the vertical displacement of the particle is given by hi (see Figure A3.2) 
h1v = 1 sinO 	cos(!) 	 (A3.2) 
The vertical distance between the initial point of entry to the bed, A, and 
the point of re-entry to the bed, C, is h2 (see Figure A3.3). 
h2v = 1 tan. sin J/ 	 (A3.3) 
The angle of descent in the bed surface 0 will be such that the total 
vertical drop hiv + h2v is a maximum. 
If the angle between the horizontal and the line of descent m is considered 
as I then: 




sin 	= 	lsiflO(d COSCP + 1 tan 	sin q' 	 (A3.5) 
1/cog 0 
which gives 
sift' 	= cosØ sin 04d cosqJ + sin 	sin 	 (A3.6) 
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ri 
Figure A3.1 Elevation of Particle in Plane Perpendicular to Drum Axis 
.e— I3o ED S--,,  
ht
B 
Figure A3.2 Equivalent Displacement of Particle in Vertical Plane 
Figure A3.3 Particle Path in Bed Surface and Vertical Displacement between 




Figure A3.4 View of Bed Edge at Base of Particle Cascades 
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We seek to maximise the vertical drop with 	therefore look for 
d sin lt /dØ 	= 0 
d sin f 	= - sin 	sin°d cos f' + cos 	sin q' 	 (A3.7) 
d0 
If this equals zero then 
cos 0 sin 'P = sin 	sinc.(d cos 	 (A3.8) 
from which 
tan 0 = 	tan P 	 (A3.9) 
sino(d 
This is the equation linking angle of descent to drum slope and dynamic 
angle of repose of the solid. 
If now an inclined drum in which the bed surface varies in depth along its 
length and makes angle with the drum axis is considered, a similar 
analysis may be made (fi is considered constant over the cascade length). In 
this case the bed surface slope ,B gives an additional contribution to the 
overall vertical displacement as a particle exits and then re-enters the 
bed. The initial height gained during circulation remains unchanged. 
hiv = 1 sind Cos (P 	 (A3.2) 
If we look "edge on" to the bed in line with the points of initial entry, A, 
and re-entry, C, (see Figure A3.4) the distance between these points is 
1 tan96  and the vertical displacement assoicated with bed surface slope is 
h3v = 1 tan 	sin,,8 cos °d  cos 
	 (A3.lO) 
Similarly there is a displacement due to the drum inclination, h2 
h2v = 1 tan Ø cost sin çv 
	
(A3 . 11) 
13 
The angle between the horizontal and the line of descent in the bed surface 
now becomes 
sin r = 	hi + h2 + h3 	 (A3.12) 
m 
from which 




sin P = cosØ Sifld coscO + sin#  (cost sin r + sinp Cos O<d cos) 
(A3.14) 
again seeking d sin P /d 	= 0. 




cos 0 (cosA sin q) + sing coso<d Cos çV) = sin (6 sinc<d cost) 
(A3.16) 
and 
tan 	= Cos  o(d sinft + tan jV cos, 	 (A3.17) 
sin 
This is the equation linking angle of descent to drum slope, dynamic angle 
of repose and bed surface slope with respect to the drum axis. 
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Appendix 4 
Details of Experimental Data Used 
Ranle 04.1 : Data For 	iure 2.2 900e 	:a 	e•x:t, -n surface. 	"cce1)7.i No :nit.ai Drum : PVC. 	1aer:ai 9aiictin 
velocity 	r 
eed 9ate 	Density 	Dynamic Static Aro.e 	S:e 	.enotu Drum Constr:ct:n 	Drum  )o,$) (,vrn3) 	of 	ret. 	)De.u) of 'Sec. 	.360; 	(Dew rn) Ran. 	Is) Racius 	o 1 Sceec 	)) Sveed I - Exce-. 	1) :1 




:.s o.o.os 2.0362 :8.5 27.9 ::.00  
00769 1 790 	28 
24.9 	0 0.216 0.(-465 0.0262 79.! 27° 27.2 
('.0026 1790 79 24.! 
).2: 0.:'is :236: 23.5 27.9  
0.01240 1790 	29 
.2 
24.9 	0 
c.::± 0.046!  
0.01590 :780 28 24.! 
2.2:6 462 0.0262 73.5 7.4 20.00 27.21 27.20 eO. 2: ).04c! 2.026: 73.5 7.° 79.20 9,5 79.24 
taoie 44.2 Data 	or Figure 22 100e 	: n1t:ai veu::tv 	surface, 7oceI (21 NO 	t;tiai velccity 	'3r Drum 	Sarcoaocr 	iret 	VC. 	aze:a, 	Daiitt:r, 
Feed Rate Density 	9vna.c 4nO ;  itat: 4r;e 	Sitte .e';t: :trsc-::1on Drum 7. Criti )gis; ).9fa3) 	of red. 	'eo of red. 	IDea,(Deg) I s, Rat. 	rn) Raaius .e( Sceec (RPM) 
'fl0 ;4e1)1) 0e11 
irneed 	)-) Doter. CD)  




79.5 	2 '2.2:6 0.0465 0.037 34,5 24,9 4.77 4 .16 4.22 
0.00415 1780 	29 
24.5 2 0.796 0.0465 0.027 79.5 79,9 5.2 4 .68 .72 




2.2: 5 0.u465 0.037 2.4.5 24.7 5.6 5.2.4 5.23 ;.::o 2.2465 2.327 34.9 24.9 6.0 6.03 6.07 
Table 44.2 	Data for F:oure 2.2 oce 	)l)iriita1 	veiaciz-v on surface. FeWelQNz So initial velocity 	Car Data frorn Kraws & krnanecit to:: : Rius attn core. 
Feed Rate Density 	Dynamic Annie Static Ar.Qje 	Oboe .ennth Drum 36tstr)ttjtn Drum 2 Critca Fii!i,o 0'.g/s; ;r9/,3, 	of reD. 	)Dei of reD. 	)De) 	Dec) Cml Rat. 	(a) Radius (a) Sceern 	)RP9) Soeed -i 
7Odei)i 94oei) 
Erase... (2) 2) Dl 








79 	0.77 1.78 0.0985 0.079 14.29 15.0 :5.: 10.36 16.39 
0.00373 560 40 
25 1.72 
25 
1.79 0.095 •).079 7.43 99 19.1 22.57 79.62 
0.00369 560 	42' 
:.32 1.78 0.0985 0,079 9.42 7.9 6.6 7.53 2.53 
0.01680 560 40 
35 	1.96 .72 0.7995 0.079 :4.29 15.0 4.2 4.79 .26 79 	3.10 1.78 0.0985 0.079 8.46 8.9 14.7 :8.42 18,45 
Table 44.4 Data fe. F:yure 3,4 "oce)s 	(11.121 	)J 36."respond to curves of the sane 0680er Drum 	Sancoaper 1 ineo PVC. 	Material 	allotinj 
Feed Rate Density 	Dynamic 4ngle 	Stat:c Angie 	Oboe Length Drum 	Constriction Drum Criticai 1111i0 1ocel)1) 	Model 	'100cC :2 )f.;/s) (Ka/m3) 	of ree. 	(Dec) of ret. 	(Dcci 	Dc;) is) Rat, 	a) 'Rao. us (a) 	Sneec 	9) Steed (-) Doter.  
0.00043 1780 	28 24.5 	0 0.26 2.0465 1027 24.5 24,9 0.28 6.:8 0,17 0.O 0.00095 1790 22 24.5 0 0.216 0.0665 0.077 79.5 24.9 6.80 6.65 0.32 6.7' 0.00125 1780 	28 79.5 	0 0.21a 0.0465 0.037 74.9 24.9 7.02  0.00199 1780 28 24.5 u 0.2:6 0.0465 0.037 34.5 24,9 7 .62 7.95 v.93 '35 0.00268 1790 	29 24,5 	3 3.2:6 0.3465 0.037 24.5 24.9 3.86 3.53 3.56 3.39 0.00293 1780 28 24.5 0 0.2:6 0.3465 0.037 34.5 24.9 9.24 0.5: 3,79 3.67 0.00352 1790 	28 79.5 	0 2.796 0.0465 0.237 24.5 24,9 3,79 79 0.00436 1780 28 24.5 0 0.216 0.0465 0.037 24.5 24.9 9.99 :0.o: 9.6 0.30488 1780 	29 24.5 	0 0.216 0.2465 0.037 24.5 24.9 0.0 1)42 13.36:2,2: 
Iaoe 44.5 Data for Flaure 3.! 
Drum 	Sanaacer lines PVC. 	lateriaj 
:ee4 Rate Density 	Dynamic An.cle 	Static 4sgie 	Sioce ue'oth Diii 
)K;/4) 	of nec, 	Deci 	of 
Constriction 	Drum 
rec. 	Dcci 	Dec) 	Is, 	Rat. 	it) 	r.aolus (a) 	Saced )R99) 
.1 Cr:tcai 
Doeec 
Filbino Oodei Smith seoretated 
I- Exoer. CX) :atn assumot:39 2 
•).00043 1780 	29 23.! 	2 2.79 0.24.45 .2.227 24.5 24.9 ('.00095 1780 28 2'.! ' 0.210 0.O 165 2.077 :4.5 :4.; 
6.20 6.27 
ri.201:5 1780 	73 24 .! ..790 '2.3465 2.327 
4.80 7 .jo 
:00:99 1780- 28 2.! 6 o. 0405 2.237 
24.5 79.9  
2.00:66 1780 	79 79.5 	•) ).:36:..r.4 
:4.! :4.; e.ss 




".00436 :780 28 4.! '2 . ...6 0.0465, 0.027 24.5 
0.7° 10.79 
24.9 9.0  
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fpie 44.0 : 	Data for 	;oure 3. - 
7a,er 	b0teiC 	rsteva. 	L5 -e; 	St a :ui:1 
Oate -.tv 	Dv.- or;: 	:.y 	5:atic Ovele 	Oboe :.-urn 	
str::::or 7r, ::.cai .ilro !ocel 
(r:;s) 	ti4J3 :' -no. 	lOst) eQ, 	i3e) 	(Deg) 1;) ao. 	0) 	Radius (n' 	lee4 	
.°N( loeeø (- Doper. ,Z) .7., 
0.000 1400 	39 	 35 	0 7.24 0.04 	0.0223 42 28.1 
17.70 .20 
0.001 oo :n o.'.7::5 : 23.1 :0.02 
0.002 1400 	3? 	 35 	0 0.24 0.04 0.0223 42 29.: 
22.03 21.05 
0.003 1400 79 75 7 )4 334 3.0223 42 23.1 37.05 
34.74 
0.4(4 1400 	39 	 33 0.34 o • 44 0.4235 42 29.1 25.90 20.02 
Table 04.7 Data for Flours 5.2 
Curve of Aoouzeid & 	oersteflan uses data of aoe 34.a 
Otter curves; Drum : ?VC. 	taterlal 	Daliot;ni. 
reed Rate 	Density 	Dynamic 4nale 	5tatc li,aie 	Oboe 	.en9th 1i 	:cnstr;c:Ion 2rrn 0 Cr:ticai F;1;nq Oocei 
(kgls) 	(ko/0) of red. 	(0eg 	of red. 	(Deg) 	)Deg) in) 	Rat. 	(a) Radius 	el 	Sosea (M) Speed i-) Doper. (3) (ii 
(1) Loser Curves 
4.00000 1780 	24.2 	 :4.55 	0 7.21a).C465 4)37 38.9 28 6.36 
0.00340 1780 	24.2 34.5 7 0.216 0.0465 0.037 30.9 28 9.00 9.65 
0.00471 1780 	24.2 	 34.5 	0 0.216 0.0465 0.C'37 38.9 29 10.20 0.30 
0.00600 1780 24.2 4.5 4 0.16 0.0465 0.037 38.9 28 10.80 :0.38 
•3(0782 1780 	24.2 	 34.3 	0 0.216 0.0405 0.337 38.9 29 11.60 
lI.46 
4.00995 1780 24.2 24.5 0 0.16 0.04o5 0.037 38.9 29 12.60 
:2.0: 
0.01270 1780 	24.2 	 34.5 	3 3.2:p ...465 0.037 38.9 28 13.40 
14.03 
0.01620 1790 24.2 24.5 0 0.216 0.4465 0.037 39.9 28 14.60 
15.69 
12>Loper curves 
'.4'7000 	1780 	29 	 :4.5 	0 0.'1 .3.0405 0.0202 79.5 27.9 .0.39 
16.39 
0.00337 1790 28 24.5 0 0.210 0.3a5 0.3262 38.5 27.9 21. 
20.30 
0.00460 1780 	28 	 24.5 	.3 1216 0.0405 0.0262 38.3 27.9 22.70 
21.55 
0.00593 1780 28 24.5 C 0.216 0.0465 0.0202 38.5 27.9 23.20 
22.63 
0.0076e 1780 	28 	 24.5 	0 3.216 0.0463 3.0202 38.3 27.9 
24.30 23.96 
0.00926 1780 28 24.5 0 0.216 0.0405 0.0262 33.5 27.9 25.30 
25.10 
0.01240 1780 	28 	 24.5 	3 4.310 0.0465 0.0262 79.3 27.9 26.60 
27.30 
0.01590 1780 29 24.5 0 0.216 0.0465 0.0262 38.3 27.9 28.20 
29.65 
Table 04.8 Data for Figure 5.3 
i..6iiined drum oata as for lower curves Table 04.7. 
Sanpoaper lined drum data OdDs. 	Material laiiptini 
Feed Rate Density 	Dynamic Apple 	Static Apale 	S1e Length Drum Constriction Drum 0 Critical F;iiinc PIcoel 
Kg/s) KI4) 	of •ea. 	(Deg) 	of rev. 	(Deg) 	(Deg) el Rad. 	a) Racius (ml Speed (RPM) Speed (-) Evoer. 1%) 7.) 
0.00346 1780 	28 	 24.5 	0 0.216 0.0405 ('.037 38.9 28 8.52 
0.00468 1780 28 24.3 0 9.216 0.0405 0.037 78.9 28 9.14 
0.00602 1780 	28 	 24.5 	C 0.216 0.0465 0.037 39.9 28 10)0 
10.09 
4.03785 1780 28 -4.5 0.216 0.0465 0.037 :2.9 28 11.10 
0.00995 1780 	28 	 24.3 	0 0.216 0.0463 0.437 38.9 28 11.30 
4.01270 1780 28 24.5 0 3.216 0.0465 0.337 78.9 28 12.30 
14.32 
0.01620 1780 	28 	 24.5 	0 0.216 0.0465 0.037 38.9 26 14.20 
Taole 04.9 Data for Figure 5.4 
loper and Loser Bailotini curves use experimental data from Table 04.7 
Data for sand as bulk material given below. 
Feed Rate Density 	Dynamic Angie 	Static Angle 	Slooe Length Drum Constriction Drum 0 Critical Filling 
((co/s) (Ko/3) 	of rev. 	)ieg) 	of rev. 	(Deg) 	)Deg) (a) Rad. 	(a) Radius (a) Speec (RPM) Speed 1-) Doper. (Z) 
(I) hoper sand curve. 
0.00000 1470 	36 	 35 	0 0.210 0.0465 0.0202 38.9 28 20.90 
0.00357 1470 36 35 0 0.216 0.0465 0.0262 78.9 28 24.22 
0.00638 1470 	36 	 35 	0 0.216 0.0465 0.0262 38.9 28 28.70 
0.01073 1470 36 35 0 0.216 0.0465 0.0262 38.9 28 1.0 
0.01740 1470 	36 	 35 	0 0.216 0.0465 0.0262 38.9 28 74.80 
12) Lower sand curve 
0.00000 1470 	36 	 1 	 75 	0 0.216 0.0465 0.0262 38.9 28 8.70 
0.00343 1470 36 35 0 0.216 0.0405 0.0262 38.9 29 12.71 
0.00627 1470 	36 	 35 	0 0.216 0.0465 0.0262 '8.9 28 14.76 
0.01075 1470 36 35 0 0.216 0.0465 0.0262 38.9 28 17.42 
0.02737 2470 	36 	 35 	0 0.216 0.0465 0.0262 38.9 28 20.90 
Table 04.10 Data for fpoure 5.5 
Eooerirnentai auca is coat Oar lower curve Table 04.9 
Feed Rate Filling 	Model with 	Model with Model with 
(Xq/e( Doper. (8) 	Dynamic angle 28.6 	Dynamic angle 35 	Dynamic angle 44.5 
0.00000 9.70 	 5.70 	 5.70 5.70 
0.00343 12.71 9. 46 9.54 11.40 
0.00627 14.76 	 11.30 	 13.25 :4.56 
0.01075 17.42 14.00 16.82 lR.00 
0.01737 20.90 	 18.46 	 21.20 24.60 
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Taoe 04.11 	Data for Fiaure 6.7 
conerisental cata from 3441 	'nnarnc uncle 4ran 34101, 
Feed Rate Density DvnalcC Anaje Static Anile 	Diane .enctt, Drum Con5tr:ccian Drum 2 2-ticai hat Tadel ait cdej at' 
Kc!c( (/al) oi red. 	(Den) 04 "50. 	(390) 	(Dea) is, ;ad. 	a) Radius 	in; heed 	Rpp.) Steed (-) Diner. (2; uq.o.S44,_3Z) Dynamic anile 30  (2) 
0.0026 i000 9 :5 	0 0.24 0.0k 0.0225 20 1 -1 .4 23.30 :g.os 
26 400 7 35 0 7,24 0.04 4.0225 40 26,7 27.10 25.71 27.42 
0.0026 1400 39 75 	0 0.24 0.04 0.0215 60 40.: 23.30 354Q 22.05 
0.0026 1400 39 35 4 0.4 0.44 0.0225 00 53.5 3,u4 36.11 21.74 
0.0026 1400 70 75 	0 0.4 0.04 0.0225 104 66. 0 25.55 23.51 20.71 
Taoie 04.12 Data iar Fiaire 5.8 
Drum PVC 	laterial Bahiotn 
Feed Rate Density Dynamic Annie Static Annie 	Sione Lenacrl Drum unstr:ctcan Drum 2 Critical Fillini Model 
'KaIs; (.ia3i 04 'ec. 	iDea) i 	iDea) 	(lea, is) Oat. 	mi -Radius 0'; Sceec (#( Steed (-) Loner. (2) IX) 
0.00309 179A 24.7 24.5 	i 0.216 0.7465 4.037 lii 2.7 :3.90 17.72 
0.00709 1780 26.2 34.5 3 3.216 0.0465 0.037 23.3 16.8 6.94 7.75 
0.00309 1780 27.3 4,5 	: 5.2:6 0.0465 0.037 34,5 24.9 6.67 7.12 
0.00309 1760 28.o '4.6 1 0.216 0.0465 0.037 4 29.8 6.54 6.64 
0.00309 1780 27.5 24.5 	: :.21u 0,0465 0.077 55.2 39.8 6.37 5.92 
0.30309 1780 33.0 24,5 1 3.216 0.0465 0.037 69 49.7 6.543 5,70 
0.70309 1780 34.0 145 	: 3.216 0.065 0.037 76 5.8 6.30 5.68 
0.30309 1780 15.0 :4.: 1 :.:: •:.;o65 0. 677 91 7.3 6.3 7 5.47 
Tittle 44.13 Data for Figure 5.9 
umner curve exoeri.ental data from lable 44,4. witn most 	(2) 
.oaer curve caca iei. Drum 	PVC.Sanaaacer 	Material Dailatini 
Feed Rita Density Dynamic Annie Static Angie 	Sine Length Drum Constriction Drum 2 Critical Fillino Model 
(Kg/n) (Kg/al) of ran. 	iDea) 04 red. 	(Dee) 	(Deg) (a) tad. 	(a) Radius (ml Sued (M) uceed (-I Diner. (2) (Xi 
0.00041 1780 28 34,5 	2 0.216 0.0465 0.037 34.5 24.9 2.87 3.05 
0.00093 1780 28 24.5 2 0.216 0.0465 0.037 34.5 24.9 3.20 3.31 
0.00141 1780 18 24.5 	2 0.216 0.0465 0.037 34.5 24.9 3.87 3.56 
0.00152 1780 28 24.5 I 0.216 0.0465 0.037 34.5 24.9 4.07 3.61 
0.00203 1780 28 24.5 	2 0.216 0.0463 0.037 34.5 24.9 4.40 4.40 
0.00269 1780 28 24.5 2 0.216 0.0465 0.037 34.5 24.9 4.77 4.32 
0.00347 1780 28 14.5 	2 0.216 0.0465 0.037 34.5 24.9 5.30 4.85 
0.00415 1780 28 24.5 2 0.216 0.0465 0.037 34.5 24.9 5.60 5.39 
0.00516 1780 28 24.5 	2 0.216 0.0465 0,037 34.5 24.9 6.00 6.30 
Table 44.14 z Data for Fioure 5.10 
Feed Rate Density Dynamic Angle 	Static Angie Diane 	Length Drum Constriction Drum 2 Critical Filling Model 
(Kg/a) (1(9113) of ran. 	(Deg) if rev. 	(Deg) (Deg) a) tad. 	(m) Radius (a) 	laced 	(M) Sceed (-I Lxer. (Xl (2) 
1) Literature 11333 
0.00157 1300 39 35 0 0.24 0.04 0.0175 40 26.7 33.70 29.24 
0.00157 1300 39 35 0 0.24 0.04 0.0250 40 26.7 20.90 17.94 
0.00157 1300 39 35 0 0.24 0.04 0.0300 40 26.7 14.20 12.07 
0.00157 1300 39 35 0 0.24 0.04 0.0350 40 16.7 6.30 7.90 
:1) Eoneri.ent 
0.0034 1780 24.2 24.5 0 0.216 0.0465 0.037 38.9 28 9.00 8.65 
0.0034 1780 28 24.5 0 0.216 0.0465 0.0262 115 27.9 21.33 20.50 
Fable A4.15-: Data for Flaure 5.14 
This Fioure uses ane uata of Table 44 and Inc olDen curves cava 04 'ide 44•  7 
in triis instance cne neeo rates are enoreynea in aimensioniess farm as amen on Fioure 5.14. 
11) Literature Sate. £441 
Dimensionless F'llino 	(2) 
Parameter Dxoerieental local 
0.00000 17.70 16.20 
20.02 19.00 
21.95 
0.71452 27,95 4.04 
0.3:936 25.90 26.0: 
II Exnerimentaj 
Dimensionless Fjillnø 	(2) 
4arseeten 	Eaoeeimencai Model 
0.00434 21.37 20.50 
0.00592 22.00 2:.55 
:7.23 6.7 
0.00490 :4.70 33.06 
0.3:200 25.70 25.10 
0.01590 36.00 27.30 
3.32050 :3.20 29.65 
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taoe 44.16 	Data for 	 ioures 5.13.5.16.5.17. 
Data generated to assess orecicted iiq tre400 for truss of 	various uloensions. 
Fee4 Rate Density Dynamic Anole Static Angie Diooe .en9trl Cu ,onstr:c:ion Drum 2 2r:tica -eoictea 
Dcinens:oniess mensor.en5 
(Kqls) 91o/31 04 res. 	(Deq) of 	e5. 	)3e) tie) Is) 	5a. 	(a Oaoius 	rn) Sneed 49P) Soeea l-i Ft1ting 	
2) Pra 	:c 5.1 -vn 
1000 
0.005 1780 28 :4.5 0 0.25 0.05 0.55 33.4 
25.:: 6.71 
'7.010 1780 28 :4.3 0 0.25 0.05 7.025 4 23 9.2O 
13.40  
0.020 1780 29 24.5 0 0.25 0.05 0.025 25 36.68 26.80 
0.030 1780 28 :4.5 0 0.25 0.05 0.025 33.4 25 44.34 40.20 
77 
0.040 1780 28 24.5 0 125 4.05 0.025 33.4 25 49,95 5:3.70 
427: 
0.005 1780 28 34.5 0 0.5 3.05 0.025 3.4 25 26.47 .40 0.06 
0.010 1780 28 :4.5 0 0.5 0.05 0.025 3.4 25 3150 26.80 17.92 
0.020 1780 28 24.5 4 0.5 105 0.025 33.4 25 40.77 53.70 3101 
0.030 1780 28 24.5 0 0.5 0.05 0.725 33.4 25 47.15 30.50  
0.040 1780 28 24.5 '7 0.5 0.05 0.325 3.4 25 9.D8 107.30 
0.005 1780 28 24.5 0 1 0.05 0.025 33.4 25 28.37 26.80 :5.07 
0.010 1780 28 24.5 0 I 3.05 0.025 33.4 25 35.83 33.70 30.20 
0.020 1780 28 24.5 0 : 3.05 v.025 73.' 25 45 • 34 1)7.70 
0.030 1780 28 24.5 0 1 0.05 0.325 33.4 25 48.56 161.00 20.54 
0.040 1780 28 24.5 0 1 0.05 0.025 37.4 25 49.89 215.01) 
0.010 1780 28 24.5 0 5 0.25 0.125 15 25 20.23 196 3.54 
0.050 1780 28 24.5 0 5 0.25 0.125 15 25 21.92 4.78 
3.100 1790 28 24.5 0 5 0.25 0.125 15 25 23.65 9.58 3.39 
0.200 1780 28 24.5 (1 5 0.25 0.125 15 25 26.67 1912 1(.73 
0.100 1780 38 24.5 0 5 •).25 0.125 15 25 28.61 :3.08 
3.34 
0.200 1780 36 24.5 0 5 0.25 0.125 15 25 28.36 2o.12 
0.100 1780 36 275 0 5 7.25 0.125 15 25 24.49 3.06 '.30 
0.005 1780 28 24.5 0 5 0.05 0.025 33.4 25 42.51 134.20 
54.47 
0.010 1780 28 24.5 0 5 0.05 0.025 33.4 25 46.91 288.30 :00.90 
0.020 1780 28 24.5 0 5 0.05 0.025 313.4 25 49.07 538.60 201.80 
0.030 1780 28 4.5 0 5 0.05 0.025 33.4 25 49.69 804.90 302.70 
0.040 1780 28 24.5 0 5 0.05 4.025. 33.4 25 49.90 1072.20 443.61) 
0.005 1780 28 24.5 0 10 0.05 0.025 53.4 25 46.23 268.30 
31.44 
0.010 1780 28 24.5 0 10 0.05 0.025 33.4 25 48.43 336.60 169.70 
0.020 1790 28 24.5 0 10 0.35 0.525 33.4 25 49.53 1073.20 
739.44) 
0.030 1780 28 24.5 0 10 0.35 0.025 33.4 25 49.83 144)9.30 509.10 
0.040 1780 28 24.5 0 10 0.05 0.025 33.4 25 49.90 2146.40 .670.30 
0.600 1780 28 24.3 0 5 125 0.125 :5 25 36.73 37.35 :125 
0.700 1780 28 24.5 ) 5 0125 4.125 15 23 75.06 68.91 
0.800 1780 28 24.5 0 5 0.25 0.125 15 25 41.14 76.47 
0.900 1780 29 24.5 0 5 0.25 0.125 :5 25 42.78 86.02 
43.37 
1.000 1780 29 24.5 1) 5 0.25 0.125 15 25 44.06 95.59 
53.79 
1.100 1780 29 24.5 0 5 0.25 0.125 :5 25 45.10 105.15 
30.13 
1.200 1780 28 24.5 0 5 0.25 0.125 15 25 45.99 114.71  
0.800 1780 29 24.5 0 10 3.25 0.125 15 25 43.04 114.71 
54,34 
0.700 1780 29 24.5 0 1) 0.25 0.125 15 25 44.50 133.82 
0.800 1780 28 24.5 0 :0 0.25 4.125 15 25 45.53 :52.94 
77.33 
0.900 1780 28 24.5 0 10 0.25 0.125 15 25 46.39 172.06 
1.000 1780 28 24.5 0 10 0.25 0.125 15 25 47.00 151.18 
;0. IC.- 
0.200 1750 28 24.5 0 5 0.25 0.125 15 
25 29.39 29.48 
0.400 1780 28 24.5 0 5 0.25 0.125 15 23 71.95 
33.23 
0.500 1780 28 24.5 0 5 0.25 0.125 15 25 
34.27 4779 26.07 
1.000 1790 28 24.5 0 10 0.25 4.125 5 
25 25.49 19.12 
2.000 1780 28 24.5 0 10 0.25 0.125 15 25 
30.02 38.24 13.10 
3.000 1780 29 24.5 0 10 0.25 0.125 15 25 
74.12 37.35 27.12 
4.000 1780 29 24.5 0 10 0.25 0.125 15 25 
37.97 76.47 
5.000 1780 28 24.5 3 :0 0.25 0.125 15 25 
41.03 95•59 
0.100 1300 35 34) 0 10 0.25 0.125 15 
25 28.66 54.50 
0.100 1300 29 25 '0 10 0.25 0.125 15 25 
27.43 27.30 :2.51 
0.100 600. 30 25 0 10 0.25 0.125 15 25 
4.82 61.60 
0.200 600 30 25 0 10 0.25 0.125 15 25 








Particle Size Distributions of Bulk Materials Used in this Investigation 
Diameter (mm) 	 Content (Z) 
Glass Ballotini 	 1.165 - 1.515 	 80 
0.895 - 1.165 20 
1.515-2 
Size (pm) 	 Content (%) 
Sand 	 <355 	 19 
355-600 	 80 



















	(1) Initial location of particle in movement 
cycle. (Figure 2.2) 
(2) Constant defined by (2.42), (2.43) 
B 
	(1) Point of particle exit from bed in movement 
cycle (Figure 2.2) 
(2) Constant of proportionality in (A2.4) 
b 
	 Perpendicular distance between drum axis 
and bed surface 
C 
	
(1) Point of particle re—entry to bed in movement 
cycle(Figure. 2.2) 
(2) Constant defined by (3.7) 
C 
	 Parameter related to filling used in (3.39) 
C 
	 Chord length joining particle entrance and 
exit points from bed (Figure 3.1) 
D 
	
(1) Drum diameter 
(2) Longitudinal dispersion coefficient (2.47) 
E 
	
Angle of slope with respect to drum axis down 
which particles cascade at exit (Figure 3.6) 
F 	 Mass flow rate through drum 
Constant defined by (2.40) 
Fc 	 Cumulative fractional filling in drum 
I 	 Denotes"a function of" 
fc. Fractional filling at any cross section 
g 	 Acceleration due to gravity 
H Hold up in drum 
H  
H. I un 
Bed height at discharge from (3.40) 
Limiting filling bed height. 
h Bed height at any point (2.12) (in) 
h. Bed height at inlet Cm) 
h  Bed height at minimum fractional filling in 
drum Cm) 
h Bed height at outlet of drum (m) 
M Empirical constant (2.36) C-) 
N Rate of drum rotation (RPM) 
NCR Number of cascades per revolution (-) 
P Distance covered in parabolic flight (Figure3.1) (m) 
q Volumetric flowrate through drum (m3/s) 
R  Radial polar coordinate in (3.39) (in) 
Rd Drum radius (in) 
R Constriction radius (m) 
C 
r Radial coordinate (m) 
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S 	 Bed' / Wall contact arc length 	 (m) 
s Axial transport distance per cascade 	 (rn) 
t 	(1) Time 
(2) Mean residence time in drum 	 (am) 
v 	 Axial transport velocity 
(rn/s) 
w 	 Rate of drum rotation. 	 (rad/s) 
When used in expressions for dimensionless 
feed rate Nf,w is in RPM to be consistent with 
literature usage 
w 	 Critical speed of drumJThd. 	 (rad/s) 
x 	 Distance along drum axis from discharge 
end. 	 (m) 
Y 	 Constant defined by(3.7). 	 (radls) 
Z 	 Height above a weir. 	 (rn) 
General symbol for angle of repose. (rad) 
Oc'd Dynamic angle of repose (Deg in 3.11). 
(rad) 
as Static angle of repose. 
(rad) 
Angle between bed surface and drum axis (rad) 
r Angle between horizontal and line of particle descent in bed surface. (rad) 
6 Angle of return from parabolic flight (Fig 3.1) (rad) 
A Small increment 
1' Angle of particle ejection from bed (Fig 3.1) (rad) 
Gx 
Filling angle at a distance x along the drum. 
(Figure 2.3) (rad) 
Sr Filling angle for particle of path radius r. (rad) 
Coefficient of interparticle friction on the 
bed surface. (-.) 
Apparent viscosity of Bingham fluid. (Nsm 2 ) 
•T1' 22/7 
p Material bulk density. 
Angle at which particle cascades down surface 
(Figure 2.2) (rad) 
'4r Dimensionless feed rate. (-) 
Drum slope. (rad) 
Yb Angular polar coordinate in (3.39) 
(rad) 
Ir Time particle spends locked in the bed plus 
cascading on the surface: (s) 
Yield stress of Bingham fluid (Nm2) 
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